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ON COMPUTABLE NUMBERS, WITH AN APPLICATION ТО 
THE ENTSCHEIDUNGSPROBLEM 


By A. M. TURING. 
[Received 28 May, 1936. -- Read 12 November, 1936. | 
The “computable" numbers may be described briefly 
as the real numbers whose expressions as a decimal are 
calculable by finite means. 
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Although the subject of this paper is ostensibly the 
computable numbers, it is almost equally easy to define 
and investigate computabl functions of an integral 
variable or a real or computable variable, computable 
predicates, and so forth. The fundamental problems 
involved are, however, the same in each case, and | have 
chosen the computable numbers for explicit treatment as 
involving the least cumbrous technique. | hope shortly to 
give an account of the relations of the computable 
numbers, functions, and so forth to one another. This will 
include a development of the theory of functions of a real 
variable expressed in terms of computable numbers. 
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According to my definition, a number is computable if 
its decimal can be written down by a machine. 
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In 999, 10 | give some arguments with the intention of 
Showing that the computable numbers include all 
numbers which could naturally be regarded as 
computable. In particular, | show that certain large classes 
of numbers are computable. They include, for instance, 
the real parts of all algebraic numbers, the real parts of 
the zeros of the Bessel functions, the numbers 7, e, etc. 
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The computable numbers do not, however, include all 
definable numbers, and an example Is given of a 
definable number which is not computable. 
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Although the class of computable numbers is so great, 

and in many ways similar to the class of real numbers, it 
is nevertheless enumerable. 
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In §8 | examine certain arguments which would seem 
to prove the contrary. By the correct application of one of 
these arguments, conclusions are reached which are 
superficially similar to those of Godelt. 
t Gódel, "Über formal unentscheidbare Satze der 
Principia Mathematica und verwandter Systeme, |” 
Monatshefte Math. Phys., 38 (1931), 173-198. 
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These results 
[231] 

have valuable applications. In particular, it is shown 
(511) that the Нирег ап Entscheidungsproblem can have 
no solution. 
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In a recent paper Alonzo Churcht has introduced an 
idea of “effective calculability", which is equivalent to my 
“computability”, but is very differently defined. Church 
also reaches similar conclusions about the 
Entscheidungsrproblem*. The proof of equivalence 
between “computability” and “effective calculability” is 
outlined in an appendix to the present paper. 

t Alonzo Church, “An unsolvable problem of elementary 
number theory”, American J. of Math., 58 (1936), 345-363. 

+ Alonzo Church, “A note on the 
Entscheidungsproblem", /. of Symbolic Logic, 1 (1936), 
40-41. 
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+ [Alonzo Church[]"A note on the 
Entscheidungsproblem"[]J. of Symbolic Logic|]1|]1936[][] 
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1. Computing machines. 

We have said that the computable numbers are those 
whose decimals are calculable by finite means. This 
requires rather more explicit definition. No real attempt 
will be made to justify the definitions given until we reach 
§9. For the present | shall only say that the justification 


lies in the fact that the human memory 15 necessarily 
limited. 
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We may compare а man in the process of computing a 
real number to a machine which 15 only capable of a finite 
number of conditions gj, 95, ..., да which will be called 
“m-configurations”. 
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The machine is supplied with a “tape” (the analogue of 
paper) running through it, and divided into sections 
(called “squares”) each capable of bearing a “symbol”. 
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At any moment there 15 just one square, say the rth, 
bearing the symbol ©(/) which is “in the machine". 
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We may са this square the "scanned square”. The 
symbol on the scanned square may be called the 
“scanned symbol”. The “scanned symbol” is the only one 
of which the machine is, so to speak, “directly aware”. 
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However, by altering its m-configuration the machine 
can effectively remember some of the symbols which it 
has “seen” (scanned) previously. 
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The possible behaviour of the machine at any moment 
is determined by the m-configuration g, and the scanned 
symbol G(r). This pair g,, G(r) will be called the 
“configuration” thus the configuration determines the 
possible behaviour of the machine. 
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In some of the configurations in which the scanned 
Square 15 blank (/.e. bears no symbol) the machine writes 
down a new symbol on the scanned square: in other 
configurations it erases the scanned symbol. The machine 
may also change the square which 15 being scanned, but 
only by shifting it one place to right or left. 
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In addition to any of these operations the m- 
configuration may be changed. Some of the symbols 
written down 
[232] 
will form the sequence of figures which is the decimal 
of the real number which is being computed. The others 
are just rough notes to “assist the memory”. It will only be 
these rough notes which will be liable to erasure. 
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ПОСОООООООООООООООООООООО23110000000000000000000 
П00000000(221000*000000" ===О0000000000000000000000000 
It is my contention that these operations include all 
those which are used in the computation of a number. 
П0О000000000000000000000000О 
UUW 
ПО00000000000000000000000000000000000000000000000О 
ООСО 


The defence of this contention will be easier when the 
theory of the machines 15 familiar to the reader. In the 
next section | therefore proceed with the development of 
the theory and assume that it is understood what is 
meant by “machine”, “tape”, “scanned”, etc. 


П0О0000000000000000000000000000000000000000000о 

ШШШ HET oo 00" 000000 
О000000000000000000000000000000000000000О0о 
2. Definitions. 

Automatic machines. 

If at each stage the motion of a machine (in the sense 
of 51) is completely determined by the configuration, we 
shall call the machine an "automatic machine" (or a- 
machine.) 

For some purposes we might use machines (choice 
machines or c-machines) whose motion is only partially 
determined by the configuration (hence the use of the 
word "possible" in $1). 


2. DO 
OUL 
eS 000" OL 
а- UI II) 
О000000000000000000000000000000000 ¢- IILI II I! 
9 4100 DIE OOOO 
ПОООСОООООООООООООООО06 1000000000" 0000000" 0000000 
LIETEIDIBBIBIBIBIBIEI OOOO" 00000 
When such a machine reaches one of these ambiguous 
configurations, it cannot go on until some arbitrary choice 
has been made by an external operator. This would be the 
case if we were using machines to deal with axiomatic 
systems. In this paper I deal only with automatic 
machines, and will therefore often omit the prefix а-. 


LILIETETETETDE TCI RETE TC TE TET TEIL TC TCTE TEIL TC TC ICT CIC TCI JE ООО ОСОНУ 
LILICICIETEIEIC TC TETCTL IE TE TETCTL ETC ICT TEIL IILI LI ICT a 


ОО0000000000000000000009000090000500009000000000 
ОО00000000000900000000090000900000000000000090000 5 
WUE 

ОО0000000000000000000009000090000500005000000000 


Computing machines. 

If an a-machine prints two kinds of symbols, of which 
the first kind (called figures) consists entirely of 0 and 1 
(the others being called symbols of the second kind), then 
the machine will be called a computing machine. 


REH 
LIEBBIBIBIHIEE а-00Оооооо0ооооооооооооооооооо tO 
UUW 
ПОСОООСОООООООООООООООООоС1О00000000000:22:000000 
ПОООСОООООООООО0О000193 7ПООООООООООООООООООООООООООО 
ME. 0001916— 2001100193 7П000000000000000000000000 
ОО00000000000000000000000000000000000000000000000о 
ПООО:ОООООООООООООООООООООООООООООЕМІАСП1943—1945П 
ПО0000000000001948000000:26:00600060іпагу аі 00000 
ОООО 
ПОООСОООООООООООООООООООООО00000000024500000146 
О0000000000000000000000000000000000000000000000 о 
lf the machine is supplied with а blank tape and set in 
motion, starting from the correct initial m-configuration, 
the subsequence of the symbols printed by it which are of 
the first kind will be called the sequence computed by the 
machine. 
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00000“ 000000000 
LIEBBDBBIBBUIEIHEIEIEI DIO OBI COO D 10 00000000000000000000000оц 
І10000000000000000000000000000000 
The real number whose expression as a binary decimal 
is obtained by prefacing this sequence by a decimal point 
is called the number computed by the machine. 
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00001 2 >001/32 
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HOUOL 
At any stage of the motion of the machine, the number 
of the scanned square, the complete sequence of all 
symbols on the tape, and the m-configuration will be said 
to describe the complete configuration at that stage. 
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0000000000000000000" 00" Go 
) m-[ | DILI b p TE 
) QO0UUm- 000000000 
) С00000000000000*00”000000т-0000000000 
The changes of the machine and tape between 
successive complete configurations will be called the 
moves of the machine. 


П000000000000000000000000000“ DIET TE] 
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Circular and circle-free machines. 

lf a computing machine never writes down more than a 
finite number of symbols of the first kind, it will be called 
circular. Otherwise it is said to be circle-free. 

A machine will be circular if it reaches a configuration 
from which there is no possible move, or if it goes on 


moving, and possibly printing symbols of the second kind, 
but cannot print any more symbols of the first kind. The 
significance of the term “circular” will be explained in §8 
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О УАООООООООООООООООО 10 00000 0000 

П0О000000000000000000000000000000000000000000000о 
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Computable sequences and numbers. 

A sequence Is said to be computable if it can be 
computed by а circle-free machine. A number 15 
computable if it differs by an integer from the number 
computed by a circle-free machine. 
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1.010000... 
ПО0000ООооововововооовововововооо 
10.01000... 
ИШШИИШШПИШШШШИШПП 
We shall avoid confusion by speaking more often of 
computable sequences than of computable numbers. 


ОО00000000000900009000000000 


Di [TruAen Turing: The Enigma[]Simon & Schuster{] 
1983001 10000000UUUUUUUUL 

020 UU’ П000А/апл Turing|]13[] 

030 Julien Offray de La Mettrie[]Machine Man and Other 
Writings Ann ThomsonUUUUUUCambridge University Press[] 
19960 

U41 [TrEIEIA/an Типпа 17[ 

050 QU A/an типпа 2 1 

Len ПППбАЈап Turing 241 

WO [TroE]Et]A/an типпап46] 

080 0000000000000002 00 9E TETETE]— — DIL 

090 [ot/ntroduction to Mathematical Philosophy есопа 
edition[]George Allen & Unwin Ltd[]1920[]Dover 
Publications[]1993/[]]206/] 

0100 Alan Turing) ]93[] 

01 Alan Turing | ]96[] 

0120 ППППАлап Типпо109[ 

0130 [J JA Note on the Entschiedungsproblem"[]7he 
Journal of Symbolic Logid]Vol. 1[]No. ШМаг.19360040-41 | 

Шап [j “An Unsolvable Problem of Elementary Number 
Theory’ [American Journal of Mathematics]Vol. 58[]No. 2 
[]Apr.1936[][]345-36 3ЗПППИИИИПППП Маки Da vis[]ed.[] The 
Undecidable|]Raven Press[]1965[][] 

Ull ППППАлап Turing ]113[] 

niei rmmmA/laen Turing ]112[] 

0170 Alan Turing ]113[] 

W280 10000000000000000 E 10000мо!. 42300 November 
30[]193o[I uuum Vol. 420140009аѓќеа December 230193600 
1937 000 19360 10000 19 3 7040000000000000О0ООмо!. 4200000 
П0000000000000 0 1 93 6е00000000000000 193 700мо!. 420000 
00001936~193 7000000000301. 42000000 

0190 ППООмо!. 4А3007000ресетврег 300193 7100000\0!. 43 
HEIDE Voll. 4300001937 0500120000000 

0200 []|] On Computable Numbers, with an Application to 
the Entscheidungsproblem"[]THET]] The Journal of Symbolic 
Logic||Vol. 2[]No. 1|]Mar.1937[]]42-43[] 


0211 1П000000000ООООо Paul E. Ceruzzi[]L] Reckoners[]The 
Prehistory of the Digital Computer, from Relays to те 
Stored Program Concept[]1935-1945[]Greenwood Press|] 
198300 

0220 Robin Gandy[]"The Confluence of Ideas in 1936"[lin 
Rolf Herken[]ed.[]7he Universal Turing Machine: A Half- 
Century Survey |Oxford University Press[]1988[]]55-111[] 
second edition[]Springer-Verlag[]1995[][]49-102[] 

0230 ППОООООООООООООООО0О00Сгедогу J. Chaitin] 
“Computers, Paradoxes and the Foundations of 
Mathematics"[]American Scientist[]|Vol. 90[]March-April 
200200168000000 
http://www.cs.auckland.ac.nz/CDMTCS/chaitin/amsci.pd!|l |] 

0240 Soylent Green[]1973[][] 

0250 ППП0ОООООООООООО Code//The Hidden Language of 
Computer Hardware and Software||Microsoft Press[]1999/][] 

0260 [UA Mathematical Theory of Communication" The 
Bell System Technical Journal Vol. 27[]July[JOctober 1948000 
ПООоовоовооооој. W. TukeyQUUUUUUUUUUUULancelot Hogben 
ПООООО The Vocabulary of Science[]Stein and Day[]1970[][] 
1460“ Тикеудоппо и 0000000000000000000000“ 000000000050 
IILI III III III TEILTE TE TEILTE TETTE TE TEIL TL. 


LIS [I 
ШЦ 


HUGO 
UUUUUUUUUUUUUU UU 
UUUUUUUUUUUUUUUU UU 

3. Examples of computing machines. 
|. A machine can be constructed to compute the sequence 
010101.... 


3. П00000 
|. 00000000000 10101... ДОО 
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The machine is to have the four m-configurations 
ү 22 e£ 22 Сер? 66 22 
b, €, Ü, £ and is capable of printing “0” and "1". 
The behaviour of the machine is described in the following 
table in which “R” means “the machine moves so that it scans 
the square immediately on the right of the one it was scanning 
previously". Similarly for “L”. "E" means "the scanned symbol 
is erased” and "P" stands for "prints". 
"et pie 66 22 


noooooom-ooo P: ° поооооораоооооооооо 
OOOO” R О" UU" А" 00000000 
OO” E ULU РШ ШИП 
UUUUAUUUUOUUUUUOUUUUUFOUUOUUOUPIUUUUUIUUPXUUUUUOUAXL 
This table (and all succeeding tables of the same kind) is to 
be understood to mean that for a configuration described In 
the first two columns the operations in the third column are 


carried out successively, and the machine then goes over into 
the m-configuration described in the last column. 
UWL UU UU 
ИШ ШШШШШШТП-ПШП 
ИШШШШШШШП 
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ПОООООООООООООООООООООООООООО Any ВО00000" 00000" 0000000 
HOUOL 
When the second column is left blank, it is understood that 
the behaviour of the third and fourth columns applies for any 
symbol and for no symbol. 
UU 
ИШШШШИИШШШШШШИШШП 
The machine starts in the m-configuration | with a blank 
tape. 
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Configuration Behaviour 
m-config. symbol operations final m-config. 
b None PO, R i 
у Мопе R t 
: None РІ R [ 


[ None R h 


m-1&.5) APT E m m-4⁄ Ë) 
b None PO. R C 
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p None FIR [ 
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ОООООООООООО1/А000000000 
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НОО00000000000000090еПарерт00т-000. 


.10101010... 


aa) TA 
m- fj nS HE 25 mfi fj 
b None PO, R 
? None R b 
b None P1, R P 
Ë None R | 
| Мопе РОЕ с 
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If (contrary to the description in 51) we allow the letters L, К 
to appear more than once in the operations column we can 
simplify the table considerably. 


m-config. | symbol operations final m-config. 
None PO ћ 
[ 0 ALAR, Pi ћ 
1 R, R, PO b 
DHLDSEODHCEDUCLULUU EO E EEE E 
т-# 45 TR ја => m 
| None PO b 
b R.R.PI b 
| R,R, PO b 
ПОООООООООООООООООООРОООООООООООООт-ПООООООООООООООО 
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LLL UU 

Il. As a slightly more difficult example we can construct a 

machine to compute the sequence 
001011011101111011111... 


i. П0000000000000000000000001011011101111011111... 
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The machine is С T capable of five m-configurations, viz. 
dires “Г. 25 es Abu s 
* 


and of printing “ә”, “x” “0” 71". The 


first three symbols on the tape will be “2920”; the other figures 
follow on alternate шашы 
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Оп the intermediate squares we never print anything but 
“x”. These letters serve to “keep the place” for us and are 
erased when we have finished with them. 
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We also arrange that in the sequence of figures on alternate 
squares there shall be no blanks. 
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Configuration Behaviour 








m-config. symbol operations final 
m-vcunfig. 
b Pa, R, Pa, R, PO, R, R, PO, L, L 0 
| 1 R, Px, L, L, L ; 
| | | 
Апу (Û or 1) R, R q 
i None PI, L Р 
E- FE, R ü 
р a R f 
| None L, L p 
| Апу R,R | 
! None РОГ, L б 
Hë A] Hog 
m-# ЈЕ] 43 ЗЕТЕ 3 2 m- H5] 
b P R. P, R; PO, R.R POL, L 
| | R, Px, L, L, 1 
С 0 | 
у | Any (Oorl) R.R q 
| Мопе PLI 1 
[x E.R | 
P ә R r 
(None L.L P 
| [Any R.R | 
| | None РО, L.L 
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To illustrate the working of this machine a table is given 
below of the first few complete configurations. These complete 
configurations are described by writing down the sequence of 
Symbols which are on the tape, 
[235] 
with the m-configuration written below the scanned symbol. 
The successive complete configurations are separated by 
colons. 
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b 0 9 9 q р 
:Əa0 0:әә0 0:220 O:aad 0 50200 Q 1: 
р Ó ] Q q] р 
ППШИИШШШШШШШИИПИШШШШШШШПИПППОПОПЦИПППОПШШШИИППШШШШШШШП 
ИПШПШШИШИШШШШИИШШШШИИШИПТП-ИШШШИШИИШШШИШШИШШШШШШЇШШШШЦИ 


III III 
LIU b а TT Г EE E 





ашанын таптан ULL] 


ПО00000010т-00 о поопововпоопововаоопоооопот-оооопооо 
90 
gal Û: 
q 
Пт-00 ‹ DUC ИШИП a L 
[eal 
q 
EIETEEEEEEYO UU т-00000 9 L 
:2ao0 Û 
q 
HOU UU UU 000 
OOOOOOOOOU P О 
:ea0 О 1: 
p 
UUUUUUUUUUUUUUU UU UU 
LIE Em -LJLTETEREJETE IEEE TTE TEE TE TETTE TETETE TEILTE TETTE ооо оооу TEILTE )me 4L ] 
ПО0О0ОООооооооооововововоовово 
LIEJEETEIETE RETE IE EAE JL Im LIE] FP GUO ғ 0000000000 
990 0 l:əə0 0 1:әә0 0 1:990 0 1: 
p p ј j 


990 0 1:90 О 1:990 О 1:990 0 I: 
p y f ) 
ПО00000000т-00 + О0909000000000000000000000000000000000 
оО0000000000000 e E] 
aa0 0 1:әә0 0 1 ‘aaQ 010: 
| f 0 
aaQ 0 31:580 0 1 ‘a00 010: 
| | 0 
т-00 e ПОООООО1ПОООООООООХОООООООО 
зоо Û0 1х0: .... 


p 


230 О IlxÜ:.... 


HOUOL 
This table could also be written in the form 
biaacO 0:2240 O0: ..., (C) 
in which a space has been made on the left of the scanned 
Symbol and the m-configuration written in this space. 
LILIETETETETLILI 
b:aa00 0:2ац0 0: ..., (C) 
LILTETETERERETETE TEE IEEE ILI IE Im o 00000000000 
ПОООООСО00Сопћдигаїйопроо000000000000060000000000000 
ПО 


‘aa D: 
Ë 


rr 


[IILI III III IIIIIIm-lII III IIIm-liiiiIBI mm! 
UUUUUUUUUUUUU UU UU Um - iii 
UUUUUUUUUOUUU 


This form is less easy to follow, but we shall make use of It 
later for theoretical purposes. 


ИШПИ 
ПОООООООвОвОвОвОвОвОООООООвовОООвОоООооОооООооОооооо 
О00000000000000000—=00000000009Т7МП0пімегѕа! Turing 
Мастпе0——ПОбовововововововооооо 


[III III III IIIIIIIIIIEIIIIIIIIIIIIIIIIIINIIIIIMIIHII 
[III III IIIIIIMIIIIIIIIIIIIIIIIMMII 

НООЧО im-ILI III UU 
III III IIIIIIIIIIIHIIIIIIIIIIIIm-II III IIIIIMHLIEI 
UUUm- III III OU UU 
I Any’ T] None [J III III III IILI IILI LIL OOo 
ПП 


UUUUUUUUUU UU 
The convention of writing the figures only on alternate 
squares is very useful: | shall always make use of it. | shall call 
the one sequence of alternate squares F-squares and the other 
sequence F£-squares. The symbols on F-squares will be liable to 
erasure. The symbols on F-squares form a continuous 
sequence. There are no blanks until the end is reached. 


LILIETETEACAEAEIETETETETETETE TTE IET TETETETETETCTE TEIL TLTETETETETETE TEILTE TE TE TE TETTE TE TEIL TL 
ПЕ-ООООООООООООЕ-ООЕ-0000000000ғ-000000000000000000000 
О0О000000000ОО 

ПОСОООООООООООООООО0ООО0О0О00ООпоичгеѕр000000100егаѕабіе 
ПОООООООООООООООООООоОоОоОооО" ООООООООООООООООО" ОООООООЕР- 
ПООООООООООООООООООООООООООООООЕ-ООООООР-ОООООООООООООО 
UU 

Е-ООООООООООООООООООООООООООО 

There is по deed to have more than опе F-square between 
each pair of F-squares: an apparent need of more E-squares 
can be satisfied by having a sufficiently rich variety of symbols 
capable of being printed of E-squares. 


ПООЕ-000000000Е-00000000Е-00000000Е-000000000000 
ПОООООООООООООООООООЕ-ООООХООООООООООООООООООООООООО 
LILTETETETETETCICTLI 
If a symbol B is on an F-square S and a symbol а is on the E- 
square next on the right of S, then S and £ will be said to be 
marked with a. The process of printing this a will be called 
marking 6 (or S) with a. 
ОО0060ғ-050000а1005000Е-0000051200000а0000000а000 
DEO er ined 500 
HBBBOBBIE-DEDIEIEIELXCIDIETL] 
| | [0|x] | | e 
ОО0000000000000О0О0ОООооооооо 


III III IIIIIIIIIIHIIIIIIIIIIIIIIIIIIIIINIIIIIMIIMII 
О0000:00000000000052900000000000000000000000000000000000 
ООО0000“ 00" 0007 ПП О00000000000000000000000000 

(а) П0000000000000000 
(b) ПО000000000000000000 
(c) ОПООООООО00 
(d) ПОООООООО0О 
(e) П0000000000000 

[IILI III IIIIIIIIIMHIIIEIIIIIIIIIIIIIIIIIINIIIIIMIIMII 
LEID TEE TEIL TEIL] 


ПШ 00:000000 “Recursive Unsolvability of a Problem of 
Thue”[] The Journal of Symbolic Logid]Vol. 120Мо. ШМаг 1947 [| 
1-11900000000000Martin Davis[Jed.[] The Undecidable|]Raven 
Press[]196500293-303000000B. Jack Copeland[]ed.[] The Essential 
Turing JOxford University Press[]2004[][]97 -101][] 

020 ППО'ПООО Finite Combinatory Processes Formulation І” The 
Journal of Symbolic Logic|]Vol. ШМо. ЗП5ер. 193611103-105000 
Martin Davis[]ed.[]7he Опаесѓаар/е|289-29100000000000000000 
UUUUUUUUUUUU The Journal of Symbolic Logic [1019360100 7100 
ПОП the Proceedings of the London Mathematical Society 1936[ 
о 02 8D pep m pp mp E] 


061 
l O Ll 


I11935[]SLIILILILI IILI IILI IILILI IILI YA 
ООО00000000000000000000000000000000* ШШИШИЦП ЧЕШИ 
ПП 

ОО0:О000000000000000000000000005 2000000000000000000 
ПОНИ 


ОООООООООООоОвооооовооовоововооовоооовоооооц 
ОО000000000000000000000000000-25 


LEICIETETEIEIECIE TD TC TETTE CIC Ооо Оооо Оооо ОНОО 
UUUUUUUUUU UU UU UU 
UUUUUUUUUU UU Ооо оооу ооо ооо Оооо Оооо Оооо оц 
III Ооо оооу ооо о Оооо ООО ОНОО 

ОООООООООООоОООоООооооооооооооооооооо00000000000°:0005 
ОООООООООоООоОоООо000000001929000000000000000000000 

ОНСОНОНОО ОООО ОО TC TCI ILC TL TCTCJL UU 
LEICIETETEIEICIETDI TC TETTE UU UU 
ILIR HIC DCIDUCEHCID OU 9 3 30 OOO 

00019 3er p pp p p p E CH ECC WOOO 
LEICIETETLIE TEILTE TC TET JE TCTLILTL 

ООО0000000000:0:000000000000000000000006. Н. [IILI IL Об 
HOOD WUE 

ООО000000000000000000000000000002000000000000000000 
ОО0000000000000000005%1001938060210000000000000000:0"1 
ОО0000015000000000000000000000000000 

19ЗПООО0:00000000000000000000000000000000:00000000 
чыш ЫП 


ИПШШШИШИШИШИШЇИШИИШИШИЇШИЇИШИЛШИИИШИИИПИП 
ООООООООООООоОоооооооооооооооо017ЗрОООоООООООО000000001 
ПОООООООвОвООООвОО LETE З0000000000000000000000000000 о 


П0О0О0О0О0ОооооооооооооооовоововоовововоооововоовОооовоо 
IILI IILI TETTE TETTE TETETE UU 
ОООО UU UU 
IILI IIIHIII 
ОООО UU UU 
ОООО Оооо оо UU UU UU 
П0О0О00000О00ОоооовововоововаО=– UU UU 
ПО0ОООООоОоовооОоововООо QO 
ОООО ооо UU UU UU 
LLL none” IILI е!ље"Орооооооооооооо 
LLL IILI begin Q0000000m- II 
m- n9 ЧЕ E m-t 
begin none PO increment 
| 0 Pi rewind 
` 1 РО. 1. increment 


| none Р] rewind 


increment 


| попе 1. increment 
| else R rewind 
m-[JUbeginUUUUUOUUUUUUUUincrement[|m-[J[Jincre ment [| 
HUUUOOU0UUU SOU сте тен ETE] 1: 000000000000000000000 
ПОЈ0000 тскетеп jj p md dm pap bp CCECHOCOEBCUODCIODCECHEETO 
m-[J[]rewindr[ I DB ddp LIILI 
LIETEADOLIL TEE TDI TELE LITE TEILTE TETTE UU 
ОООО 


rewind 


m-fit ЈАЈ fly МЕ Hees mht Ja] 


begin none PO increment 
| 0 Pl rewind 
l P? rewind 
2 P3 rewind 
3 P4 rewind 
4 P5 rewind 
increment 5 Рб rewind 
6 P rewind 
i P8 rewind 
Š РӘ rewind 
9 POLL increment 
none Pl rewind 
| попе L increment 
rewind : 
| else R rewind 


пооооооооовооооооооооовооооооооооовооооооооооооооо 
IILI II IILI IH LI: 


+ |0 1 x |0 1 
0 |0 1 " о |o о 
i |i 10 1 [0 1 


LEICIETETDIE ICE TOEIC TETTE IC UU 
NPRRRREEEEEEEEEEEEEEEEEEEEEEEEEEEERE 
42 


00000000.70710678...оооооовооооооовооооооовоооо 20 
90000 00006 99 60000000 699 90000000999500000000 /2 000 


001.01 100000000: 001.3 75000000000000000000000000001000 


О0000000001.01111000000 
1.0111 
х1.0111 


10.00010001 
ООООООО200000000000000000000000000001.0110000000000 
ООО0000000001001.0110100000 
1.01101 
х1.01101 
101101 
101101 
101101 
000000 
101101 


1.1111101001 


ВО00000200000000000000000001.01101000000000:=00 
1.40625[] 
ОО0000000000002000000000000000000000000000000000000 
О0000000000л0000000/00000000000000(л х т)П 
UUUUUUUUUUUUUUU UU UU бо тооовооовобобо о 
ОО00О000ООООоовоооовоВобо О UU 
LIEICIETETEIE ICE TDI TC TETTE ICT TEIL C TC ICT ооо о ооо Ооо Оо ООо Оооо 
ИШШШИШИШШИИИШП 
ПООО L0 110 1000000000000000000000000 000000000 03 6000 
ООО00000000000100100000100000000000000000000000000000 
ПООООООООООООоООоООооооооооооооо0о0000000000000000000009 
ОО000000000000000000002000000000003000000500000000000 
ULL] 
ОО2000000000000000000000л0000000000000(2 2-1)00000000 
П002000000001000000000002 п00000000020000000000090 0000 
ПООООО00000000000000010 
ОООООООООООоОоООоОоорооо000000ғ-0000002000000000000 
О000000—=0000000000—==000Е-00000 
П0000000т-00Бедіта0000©ООООО000000000000000000000 
ОООООООООООоОООоооо0000002000 


т-00 ПП ПП ПП т-00 


begin none Ро, R, P1 new 


ОО00000000000000002000000100020 
ОПОЧООООНОоОО ООО га-бтем 0 III II III III! 
ы ја R mark - digits 

| else L new 


LIIILII II III НООЧО ОООО ОООО 
ОО000000000001.2500000000000000000000000000000000*0 
I 000 





ОО00О0О00оОООооооооовоооовоооовооовооо 
LLIILIII IILI IILI I ПП О000000000000000000 
ПОхоооововововововововоновоо 75 0000000га-ЏОтагк-а i gits | 
ОХОООНОООО24 0006 00000000000000000000005000000 00“ 4 
[0 А Px, R mark-digits 
mark-digits <1 R, Px, R mark-digits 
попе R, Pz, R R РР find-x 


ШИШИШИ 
e|txjejxitixi]z] үр | | || | ||| | |] | че 
ric p ILIR ILIOL II OO x00 ox 





b E first -r 
find - x 3D N find - digits 
else EE find- x 
[т RR last -r 
first -r ‘ 
[else R. R first-r 
[r RR last -r 
last -r 4 
| none Ру К.К Ру find-x 


ОО0000000000000000000000000000 
epe: ej [tl т ар т н rl pr]. и ПЕ је] pe 

ПОООООООООвОООООвООООООООООООООООООвОООО 10000000000 
ILIR IL eo 

ООО0000000000000000001010000000100000000000000 
1ОТІПОООООООООООООВОООООО0000хОу121000000000000000000 
UUUUUUU UU YUU YUU xy 
ОНОН 20 0000000200900000000 





ОООООООО0000010000000021000000000000000000000000000 
UUUUUUUUUU ICE TE TEE ICTL TEIL TC TL ICT IC TC JC TL sd YW Оооо 


1002 d 
IILI III II III III III IIIIIIIIII A IL III III 
l jm-L]Lfind-digits][ [III IU III find-1st-digit[| [LIL LIIxL Iy! 


241000 


= Г R.R find - 1st - digit 
find - digits E 
| else L, L find - digits 
[x L found - Ist - digit 
| Y L found - 1st - dieit 
find - 1st - digit dis 
L found - 2nd - digit 
[none А. А find - 1st - digit 


[| find-1st-digit] | T XC УЈО2410000000000000000000000000ц 
[IL EHEIfound -1st-digit| j| jfound-2nd-digit|| 

ПОООООООООООорООООООО00000000000000000009000000000 
ааа-2егороро0000000 


| [0 R add - zero 
found -1st-digit + НЯ 
|] RRR find - 2nd - digit 
HOUOUOU0 2 QUUOUOU Uso yo 
X L found - 2nd - digit 
find - 2nd - digit " L found - 2nd - digit 
| R. R find - 2nd - digit 
HOHH 
| К add- zero 
found-2nd-digit +1 R add - one 


ана К add - one 


ПОООООООО Р-ООООООООООООООООО 1 0О00000 00000 Zo 
адда-опе 0000: 
ПООСООСОООООООоОоОООООООоОоОООоООоОООоОооооОо00000 
ПООСОООООООЕ-О0000000000000510000000514100009009001и 
ПОООО:000000000ООООООООООООООООООООООООООООООО 
т-О0ааа-геғоро0000000/005100000900/] 
| F Ps add - finished 
add-zero 4u Pv add - finished 
| else RR add - zero 


LO pen saa p S000 HUNTU VIO 200 
HHUH 
ELETEIEIBEIEIDEIDIEI CDU OD ODIO DOO VCTUE] EDIDI] CODE EDI SITE 
OLIDOIDOUDUOHOBCDCIECIALI 
T Py add - finished 
add-one  4u Ps, К, R Carry 


else RR add -опе 


ОО00000000000000000000002000000000пем-атії-15-г2егог 
r Pu add - finished 
Carry попе Pu new - digit -is- zero 
|, Pr, R, R carry 
О90О0000009000090090000000900005 
ee; Ja] [v rel Ју] Dep el sr] pe] Еј pen 

ОООО vat 00 

НОЧО ШО YI ZOU UU z 
UU YOUU О 24900 YUU UU UU x 
LIEETDIEIE DIETE ICI TE TIE UU YUU 

ИШИП 





‚ | @ R.R erase - old - x 
add - finished - 


else p. add - finished 


[||] Cerase-old-x[ 0000 ХПОООООООООООООО 20 000 IU 
ОООООООООО00Е-00 


б 


x E, L, L print - new - X 
erase-old-x +: PV L.L print - new - x 
else R. R erase-old-x 
LILIEIEICIETETEIETCILILIL] 
@ R. К erase -old-y 
print - new -X4 y Pz find - digits 
none FX find - digits 


[IILI III find -di gites I III III! 


ej1j [0] | ју] Jv] Jel lel || || || Jel [es 


ОООООООООООоО100000000000000000000000000000000010и 


ols] Je] УВО 
ИИППИТ 


ej1| [ојх|1] у р 











ПЇПАПППГПППИГИИПИГИГГГГегаве-о!а-уПргїпї-пеу/-уППП - 


у IS d print - new - y 
erase-old-y 4 | 
else К, К erase-old-y 
| (a К new - digit - is - one 
print -new -y5 ` | 
else Py, К reset -new =X 


IILI LIL YUU UU 
00000000000 LL] 
III III III 


[none R.Px flag - result - digits 
reset - new - X | 

lelse К. К reset - new - X 
LILIIIILILI YUU 


je 1| [0] ух lvl jv) [s] Iv] [rj |r| |r| | s 
ИИППИТ, 
Qnam we 





| Pt, К.К unflag - result - digits 





flag-result-digits y Pw, R. R unflag - result - digits 
ehe АК flag - result - digits 
EIDOSC VODDOCDULC/ UC 
$ Рг. R, R unflag - result - digits 
unflag - result - digits 4 v Ри, R. К unflag - result - digits 
las N find - digits 


UUUUUUUUUUUUUUU CTI TC TC ILI TE TC ILL TL 
ааа L1 





amr 


О0000000000002000000000000000пем-атдіё-15-гегор00000у1 
ОО00000000000000000000000000000200000пем-адіё-15-опе[ 


ПП 


ОООО III 


TE @ К print - zero - digit 
new -(igit-is-zero + ` са 
else [ new - digit - is - zero 
ШЕШЕДИ ЕШИКЕ 
| ( R.E, R print - zero - digit 
print-zero-digit {| R, E, B print - zero - digit 
| noe POR. К, К cleanup 


l LIm-L I Inew-digit-is-one[I[I I B IILI IILI Icleanupi! 


— |@ R print -one - digit 
new - digit - is- one 4 ~ 


[else L new - digit - is - one 
[ 0 R.E.R print -опе - digit 
print-one-digit + | КЕК print - one - digit 


(none Р.А. RA cleanup 
UUM Heleanu p ИШИ пем 


[n one N new 
cleanup 1 


| else E,R,R cleanup 


III CIE TDI TC TETE TEE IC TETTE TC TEILT JE IC ICT TL JC TL ILI 


st ]9 i 0.2 411] РРА ШИ Не 





пововоовоаооооовововаовоаоооо0оооо259 г#000000000000 


О02000000000000 


ОООООООООООоОООоОоооооооооооооооооооооооооо0о000ЕЕЕП 


ООО00000000000000000000000520000000000001501600000000 
UUUUUUUUUU UU UU UU 
III IILI IILI IILI III III III о ооо ооо 


LIIIIILILIIILILIIILI IIILIIIIIIIIIIIIIIIIIIHIIIIIIIEIII 


ОООООООоООооовооооооооовоооовооовооооо 


LEICIETETDE CIE TEILTE TETTE CIC TEILE TC TETTE ОООО 


ШШ UU UUUUA/an Turing: The Enigma[]Simon © Schuster{] 
1983[,95 

020 [To p]A/an Титппта 1130 

020 QOL 

040 [f]-O0“Systems of Logic Based on Ordinals”[] Proceedings 
of the London Mathematical Society ]2nd Series[]Volume 45 
1193900161-22 8000000'ПОО Co/lected Works of A.M. Turing: 
Mathematical Logic ]Elsevier[]2001[][]161-229[][]L]B.Jack 
Copeland[Jed.[]7The Essential Turing{jOxford University Press[] 
2004[][]1146-204[] 

050 rmigA/an Титпта 1521 


OZU 
ШШШ 


[III IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIINIIIIMIIHII 
ПО000000000000000000200000000000т-р000000000000000т-0 
ПП 


[@ R mark - digits 
new + 
else I new 
TP 2 К print - zero - digit 
new -digit-is-zero < — ү 
else L new - digit -is- zero 
à me @ К print - one - digit 
new-digit-is-one + 
else ZL new - digit – 15 - one 


UUUUUUUUU™ -О000000000000000050000005000000000050О000О 
[III IIIIIm-II 

III III II Im-L II III III III Im- III III 
III II IIIIIIIIIMHIIEIU 

О00000000000т-000090оёо-ѕепїтеі[0000000000000000000 
О00000000000000000000т-09оёо-ѕепётеі1000000000000000 
UUUUUUUUUUUUUOU UU UU 

П000000000090оо-ѕепќёіпеіП 


| (00 R 22222 
zoto-sentinel ~ ` | 
else Z goto - sentinel 


UUUUUUUUUUUUUUUUUU UU UU UU - (UU 
[ILICE L)goto-sentinel m mb d pm- E ECCO OU UE m -DUOLELENELCU 
П. П9оёо-ѕепїйпеі 000 

ПО00009оёо-ѕетётеі0100000000000000000т-0О0000000000 


si | @ R A 
goto-sentinel(A) + | 
[else Д goto - sentinel(A) 

LLULLU Inew[ jnew-digit-is-zero[Inew-digit-is-one[| [| ]m- 
ОООООООООООООООО0ОО000000000редіптпемОпемтагк- 
digits] 00000 


begin попе Ро, R, P1 goto - sentinel(mark - digits) 00000 
LO niearryrniiinnnew-digit-is-zero|| 


u Pu add - finished 
carry ј попе Pu new - digit -is - zero 
lu Pr, R. R carry 
ППИ Igoto-sentinell [| | Uprint-zero-digit(] 
| Pu add - finished 
carry попе Ри goto - sentinel(print - zero - digit) 
| Pr RR carry 





ППргіпё-гего-аїіє [III I IIprint-one-digit[|[ III III III! 
[III IILI III iprint-digitII I III III 


| R.E.R print - digit(a) 

1 R.E. R print - digit(a) 
попе Ра. R.R.R cleanup 

П0000000РаОО0000000000ргіпё-аііко000000т-00сағгубоо0 


print - digit(a) 





[r Pu add - finished 
carry +4 попе Ри goto - sentinel(print - digit(0)) 
Ú Pr.R,R carry 
m-Lprint-new-yll(II III IILILIILILIIInew-digit-is-one[| lI] 
(a К goto - sentinel(print - digit(1)) 


print - new - у 
lelse Ру. К reset - new - х 

НОООООЧ ОООО Оо Оооо UU UU 
LIC DID DB BIBIT 009090000000000 

HOOOH 
HLI ОО" CE DUC ИШ 

00000" т-ро" GUO ШШ ШШ DOO ШИ 
ПО ШШШ L 

4. Abbreviated tables. 


There are certain types of process used by nearly all 
machines, and these, in some machines, are used in many 
connections. These processes include copying down sequences 
of symbols, comparing sequences, erasing all symbols of a 
given form, etc. Where such processes are concerned we can 
abbreviate the tables for the m-configurations considerably by 
the use of “skeleton tables”. In skeleton tables there appear 
capital German letters and small Greek letters. 


4. 000 
ООО0ООоОООооооовововоооооовооовоооооовововововоооо 
ПООООООООООООвОООООООвОвООвООООвООООо“ QUL” 00000000т-0 

ООООООООвовововооОооОоа 
ПООООООООООвООООвООООвОООООООвООООрАвЕООООООООООООО 
LEIDIETDCTE TEE TETTE TETTE TTL 


A b & D E 
YY 5 G 13) © 


ОО000000А00000900000С0ЕП000000000000000000000000%а08 


These are of the nature of “variables”. By replacing each 
capital German letter throughout by an m-configuration 
[236] 
and each small Greek letter by a symbol, we obtain the 
table for an m-configuration. 


LEID 00" LILILILILILILILIL I IILI - QUO 
ОО0О0ОООООа- 00000 
О0О00000000ОООООбеа-Д000000000000000000000000000000000О 
ОО00000000000ООООООооовоооо 
UUW s art UU UU 
ПОЧ піхОМіпаомѕ0Масо00000000000000000000000000000000 
О0О0000000000000000000000000000000000000000000000000о 
LLL I 
The skeleton tables are to be regarded as nothing but 
abbreviations: they are not essential. So long as the reader 
understands how to obtain the complete tables from the 
skeleton tables, there is no need to give any exact definitions 
In this connection. 


UUUUUUUUUUUUUOUU UU 
OULU 


IILI III III IIIMIIIEIIIIIIIIIIIIIIIIIINIIIIMIUMII 
III III III III UU UU 
LEIDIETD TETTE TCTETEJETCILTL | 

ОООО000000000000000000000000070000000000000000000000 
ООООООООО00000000000000000ғ-00Е-0000000Е-000000000000000 
Р-ПОООООООООООВОООООООООООООоООоОООоооР-00000000000000000 
ОО000000000000000000Е-00 


Let us consider an example: 
m-config. Symbol Behaviour Final 


m-config. 


L 106,0) From the m-configuration 
nota L 6 о) KE, Û, а) the machine finds the 
symbol of form œ which is far- 
ш ¢  thest to the left (the “first о") 
and the m-configuration then 
becomes ©. If there is no o 
None R $8,995) then the m-configuration be- 

comes 5), 

0 e 


P(C, B, о) {поо R Кеа) 


Q(6,9, а) dnote А А, D,a) 


| None R 95 
LOOO 


mith AF 44 mm 


- (i$ А r К@ D o) ix Am. 
Е 93 g) L — (ба) E RC, 9,0) i Am- 
d “м ! TOT | u) le at [b y TUE 
^ inta L (©) AP, p ALS 35] £ 9 8 
A a (а), MWlm- 
5 ~ MERC. RRA, W 
(6 9 nota R Неа) TOUR. 
п ма) O meh) FD 


Noe R Ьо) 


ù e 


06 B a {nota Л h( D,a) 


None R 25 


III III IIIIIIIIIMHIIIIIIIIIIIIIIIIIIIIINIIIIIMIIHII 
LILILILIBIDIBIDI DIDI DICIT TLILTLILILILILILLLT uM 

III III III Y О0обооооовоооооооооа у 30 200000000004 
О000т-П0000000 f О000000000000000000000т-0000 f 00000000 
ai 00000000000оао f О0000000000000е000т-006 — f 0000009 
га -ОО f 10 у 2000000000000000000000000000 f ШИШИШИ 
r 2О000000000000000000 f 10000 r 2000000000000000000000000 
LEIDBIEIDEIEBIDID EIE m -00% 09 0 f О000000000000000а10 

000 у О00ћтаро00000е0000т-00 € О0000000000000000а10000 
LOL et JODIE Em 4E] C O 

ОООООООО000000000000т-00 f 10 f 20] not e ПО000000" 00008 
ИШИП 000000000000“ None” TTEIBIOIDOUILIDI CIELO m - 00000“ Nene ООПОЦ 
0000000000000“ Nene" DET] not e^ s mmm] 

III III III IIIIIIIIm- UU 


га - О ПЦ ПП ПОга- 0 


Ка, t, x) 
ПООга-009 0 e OUUU xu 
If we were to replace © throughout by 9 (say), 3 by r, 
and aby x, we should have a complete table for the m- 


configuration Ка, L, x) 


UUUUUU CO 9 00040 e Det LI II L )m- D] ] Ka, t, X) UU 
| 
ООО0ОООООоооооовововоооооооо 


m-fit Ju) Ку RAE H¿Z% m-fit Jo) 
ps а L sim 
| | [1 
nota L f 





x q 

a not x R n 
None R P 

X q 

P not x R H 
None R t 


ОО0000000000000 у О000т-007 OF 10 Y. >00000000000000000 
ПО 
г is called ап “m-configuration function” ог “m-function”. 
y 000 “m-[ LIU О та-007"Ц 
LOOO ООО" О000000ОООООООООООООООООООООООООООО 
The only expressions which аге admissible for substitution 
In an m-function are the m-configurations and symbols of the 
machine. These have to be enumerated more or less explicitly: 


they may include expressions such as P (е, X). indeed they 


must if there are any m-functions used at all. 


me-[JETICIETJEICIETEE TETTE ICILTE Jn - GU 


0000" (°, Х)ррроооооооооооооове-оооооооооооооооо 
ОООО У бта- 00000 00000 ООа-0000000000000000 P ULI 
LILTLIE TE Im ETC TCTLTLI 
LILTETETETETETETE TE fom - TEILTE TEILTE ICI IE m -TETETETLTETETE ToS -HUUL 
LIETETETETETETETETETETETE TEILTE ILI JC IC CIC JC TCR CIC TC CIC JC TC TC ACT C TC TC TC TC TC TC TC TE TC TEC TL TEIL TL TL TL TTL 
LIETETETETETETETETETETETE TEIL ILI IL JC IC CIC ICT RC CIC TC - JU 
LILILILILILI 
If we did not insist on this explicit enumeration, but simply 
stated that the machine had certain m-configurations 
(enumerated) and all m-configurations obtainable by 
substitution of m-configurations in certain m-functions, we 
should usually get an infinity of m-configurations; e.g., we 
might say that the machine was to have the m-configuration 9 
and all m-configurations obtainable by substituting an m- 


configuration for © in (©). Then it would have 
3, р(9), p), р Ea), ... as m-configurations. 


II IIIIIIIIIIIIIIIIIMIIIIIIIIIIIIIIm- III III III III 
[III IE In E TEE Em - DTE TER LIm-L LI III III III ETE 9m - TETTE TEILTE 


' ( (8 ` 
noooom-o0 3 OO000000000* (© ) брт-00 e О00т- 00000000000 
mma? » 69), Р EOD, P(P(P(9)),..r 
LLL Im-L III IIIIIIIIIm-i II 
Our interpretation rule then is this. We are given the names 
of the m-configurations of the machine, mostly expressed in 
terms of m-functions. 


LILTETETERERETEIE AERE TEE IL IL IL Imm I om -QUU 
О0О00000000000000оОоОо0ооооооообо00О0ООО - QU 
We are also given skeleton tables. All we want is the 
complete table for the m-configurations of the machine. This 15 
obtained by repeated substitution in the skeleton tables. 


LEIDIETDCTE RETE TCTETEJETEIETLIC TET m - UU 


[III III III III IIIIIIIIIIIIIIMIIIIIIIIIIm- inn! 
ПОга-ООООО 
[237] 


Further examples. 
(In the explanations the symbol “rarr;” is used to signify 


“the machine goes into the m-configuration...”) 


OOOO 
П000000“ DDD “ООО0ООбка-О0. ..... "О 
ПООО000000000000000000000°00”0000000000000000000000 
П0000000т-00000т-0000000000000000000000000000000000000 
ПО0000000000000т-0000000т-00000000000 
(@ У a) He (€, 5, а), 3,2) From dë, Û, a) the first о is 
" М erased and > & If there is no 
(6, D, а) E u 0%, 


AE, D, а) Ile, (6, 9 Ba), $5 a) иб D, а) dp "i y 

nE, 5,0) E e — Fa, WERE, #1596; de 
ttha, 199 

e DI DEP 000000000 f оооооооовоово аноооооороооооооооооо о 


OOOO f 000000000 а. 0000000 + О0000а0000 09 QO 


ПОбт-006 000 у OUUU em uL TS L 
III III II III IIIIIIIIIIIIIIIIIIIIIIIIIMIIIIIIe 000 


3 
ООО0ООоООоооооовововоооооово (©? i | 
ПИПШШШШШИШШИШШИШШИШИШПИШШИГӘ-ИИШШШИШШИШШПЕ 0090 ШШШ 


[LLULLU f 000000000000 f оооадооооо 
ILL 
ПШШЦП e LLIIIEE III 
ҚУА a) аЗ, а), У), a) From «(55, о) all letters о are 
erased and > Û. 
i (S ,Q), НЕҢ Җ 0) 


а. ME 


КУ, о) о а), У), а) 


III III IIIIIIIIIMIIIIIIIIIIIIIIIIIIIIIIIIIIMIIHII 
[IILI III 

ОО0009 e О000000000 e б00о000оооановоооооовооовоовооообо 
ООО0Ооооововоооанвооовоовоооооооооовос аповооовоовоообои 
HHTHH 

ООО0ООоООоовововооовооооооовововооооо 

00000000 e 00000 e 00000000000 e О00000000000000000т-р00 
ОООО 


The last example seems somewhat more difficult to 
interpret than most. Let us suppose that in the list of m- 


configurations of some machine there appears (b, x) (= 9, 


Say). 
0ОООвОоооовОовоовоооооОоООби«"-0000000 e( 6, х)00000 9 00 
т-00 е 0000000000т-000000000000000000000 e (6, X000 6 
ПО00000т-рО00О000000 e 066 , х)0000000т-000000000000 9 00000 
О0000т-0000000000 9 О000000От-000 
ПОо0000000000т-000000 e (6, хХ)О000000000000000000000000 
ИШЦШШШШШШП 


The table is 
e(b, x) e(e(b, x), b, x) 
or 
9 elg, b, x). 
ПО000 
e(b, x) e(e(b, x), b, x) 
ПП ЕУ 
9 elg, b, x). 


пооооооовооо“ 0000. .....“ровооооооовооооо e (“ • b, х)ЦПП 
броби -оооооооооооооо e (C : b, х)0000000000т-000 


Ог, in greater detail: | 
q (9, b,x) 
(9, b, x) f(ex(q, b, x), b, x) 


от (а, b, x) Е q. 


OOOO 


: e(q, b, x) 
eq, b, x) (0109, р, x) b, x) 


OOOOO0O0 з 0000000000000000000000000000000%00 * » П 
LIETETEIERETE ICE -TOJETETEJCTETE TCI TE DE TETLIETE TTL] 
In this we could replace e1(q, b, х) by г and then give the 
table for f (with the right substitutions) ad eventually reach a 
table in which no m-functions appeared. 


0000000 9" ПП 1, b, ХУООООО f Baa 
ПОта- 00000 m 

000000 9 00000 e Cb, x) rr nate b, Ux), О000000000 
eur 

ООО0000000000000000000000000000000000000000000000000 
ОО0000000000000000000000000000000000000000000000000000 
ОО00000000000000000000000 

MUP 00000" О0000000Р-00008000000 

p, B) (pelê, В), €, ә) From pe (8, В) the machine 
prints B at the end of the 


(6, B) Any RA ир sequence of symbols and > é. 
ы, | Ay 
None Pf Š 
(6, В) (кб В), б, ә) Bit ple, В), dus dE 
Апу ЊЕ 06, В) PIGRE, REDO 
vey (©, В) F 
| ë 
None Pp 


ПООООвоОвововОооооО f О00000000000000000000000 y 0000000 
ПОООО0ОООО f О00000000000000000000000085000000000000000ре 
ОО000000000000000т-00 f О000000000000000000000Е-00000000 


ПОООООООООР-ООООООООООООО РА ООР-О00000000000000000000080О 
ПОСОООООО0С000008000010 
П0О000О0ООоооооооооооовоооооо E 0000000 e ПООООООООООООО 
OOOO f ОООООООООО TIP OOOO 
(6) L ë From FÊ, %\, а) it does the 
same as for KE, о) but 


«e i € -moves to the left before Э ë. 
(E, D а) (I), D, a) 
ME, 93 a) rN), Û, ај 
(6) L ë ME, Basle, Ba) 
e) i e ‚ AAHKERPCS 
re, B, а) (Ола) т ee ay £ 42) 
P(e, $5, a) KÊ), Û, а) 


000000000 RAO Fe 000 FOF 000000000 
ОООО0000000000000000000000000 ¢ 0000" DICE Ooo eo 
€ ОООООООООООР-0ОО00оО0ООО Ре О0000000000000Е-000 


(€, B а) (elê) 5, a) (6, Sa) The machine 
Up S| writes at the end the first sym- 
е) p me, p) bol marked o and > ©. 

(C, $5, а) (06), ©, а) (6, Ba) л 
16) р (E, f)  BTha Л, ЖБ 

26 


ПОООООООО E" UU eu 
A HULU PE 00000000000 
[238] 
The last line stands for the totality of lines obtainable from 
it by replacing B by any symbol which may occur on the tape 


of the machine concerned. 


ООО000000000000000000000000000000 
000000 € О00000010000000 1000000 


u 0 pe(©, 0) 
a (6) . 
1 pe(©, 1) 
ПО се OOO“ 00000" 0000000000000000000 

AE, D а) Ке 95. а), D, а) eB, о). The machine 
Б Е | copies down in order at the 
(0, a) сс, 0), ,0) end all symbols marked о 
and erases the letters о; > 55. 
alë, S а) Чо B, а), D, а) eO, a) AMEE 
E: en SHUT X al PT A Matrie 
a( 35, о) lelt, ar), У), а) ЧОКА ИН Майо 


ty, Бива, RF 


2 

ПО0000 ee 0000 € О00000а20000000000 e 0000000000000 ee 00000 
ПОСООООСОООООООООООООООО0000000000000000000000000000 
ПОСООО00Е-0000007 7000000000000000000000000010000000000 

ПОСООООСООООСОООООООООООООООСоОоОООСоОоОООСоОоОоооО0000000 
000000000000 € 000 y 000000000 f О00000000000000 е 00 е 0000 
f О00000000000000000000000000« 00000000000000000000000 
ПОСООООСОООООО0ОО0000000°00000" 0290000000000000000000000 
ПОСОООООО000000 

ПОСООООСООООО00000000000000000000000106 2н20301000000 
ПОСООООООО000000 

DEO re OO" Dan mida en eap maa aaa eggs POCO OCC 
ПР-00000000000000а0800000 


Ё, $5, о, Д) Кос, 55, о, 8), D,a) Ê, 5, о, B). The machine 
у replaces the first « by В and 
пе 5 о 8) E, Рр б Р Сур 


3 > ifthere is поо, 


t( 8, 45, а, В) Ka (ë S, о, В), 9,0) mê Def, MEAL 
eil, Ù, а, В) E, РВ § А — a> | +} 
Tiha, 23) 


Douno eguen | 
(35, а, В) mr, о, 8), D, о, В) eB, a, В). The machine re- 
places all letters o by Û; 235. 
(3 а, f) (к, а, В), B, a, В) "Ce P), Hels РА 


пат, REID 
LILIDIBICIETETETETETLIE IE AE ETE TETTE III 
LEIDIBBIDIBBIDIDIDI CET CECI ED CIE DIDIT DICTI ee 00000" 00000 "04 


ol, $5, о) (и, D, a, а), D, a) wh, a) differs from 
| m alt, о) only in that the 
3 er, а), eB, о, о) Spa 
ко) аш DU; MODI UL letters о are not erased. The 
m-configuration «1%, о) is 
taken up when no letters 
"а are on the tape. 

lE, B, а) deol, B, a, a), У), а) aD, а) Баб, ај 

a( 35, а) (lB, а), 9, a, а), a) БРЕТ, W aT 
ЖЕК. SHG LEAF 
fait, mA Al, uit 
iH 

ОООО ооо 


O00000“ 00000”0000000000000000000%0“00"00 У“ 0“00000"0 
[III III Ота -О000000000000000000050000005000о0О0000о 
ПООбОга-0000 E П0010000000000000000000000000 


qe, 9L, &, о, B) Flp YI, 8), КУ, €, 8), o 


qu &, H, В) y P(qo(&, 51, у), 9L, В) 
y ë 


pal, Ф|, у) 
not у Ў. 
The first symbol marked alpha; and the first marked ñ аге 
compared. If there is neither a nor B, > ©. If there are both and 
the symbols are alike, +€. Otherwise 9|. 


pel, YI, &, a, B) qXxe(e( &, ©, В), ©, о), YI, ©, a, B) 


pele, 21, ©, differs from PAC, 21, €, a, B) in that in the 
case when there is similarity the first а and B are erased. 


cpe( 9L, ©, а, В) cpe(cpe( Yl, ©, а, В), YI, ©, а, B). 
pel, €, a, B). The sequence of symbols marked а is 


compared with the sequence marked f > © if they are similar. 
Otherwise > 9|, Some of the symbols а and — are erased. 


pE, YL @, a, B) (106 9L, 8), HLL, Є, B), а) 
ple, YI, B) y (apo (é, YI, y), YI, В) 
у © 


pal, ,ك‎ 2 
not y YI. 
ОО000а0000000080000000000000а100006005 & 000002068 
ПО000000000000000У é 000-210 


que( ., YL, €, а, B) (06, ©, B), ©, a), YI, Є, a, B) 
pel, 91, € B) aw(e, 9L ©, a, B. 
PC, zl, €, а, B) gae, xl, ©, о, В) a, ommo 


0000000000000а 400000 
cpe( 9L, &, a, B) cpe(cpe( 9L, ©, a, B), YI, ©, a, В) 


eds Ë 
pel, Vl, €, а, впопаппоппооовппооооооопвооооооо- € 


HU 21 000 ev S000 
0О000000“ UM OU OUUU L 


ОООООООООовововОоОвооОоооввовововооооооооао 9 GU 
[IILI Im-L III III III III 8 OU 

00000000000 9 000000000000 9 00000 f О00000000000000000 
ОО00000000000000000000000000000000000000000000 #0 9 0000 
ООО0ООоОооововововоооо § 00009 SIII 

IILI III $ О00000000000000050о0оооооооооооооовоооооооо 
OOO 800000000000 9 QUEUE aL 


Апу 
46) | 
Мопе 
Апу 
d (&) 
None 
ie, a) 
Lf 
ў TR cr) 


not û 


R 


К 


aE) 
(о) 
qe) 
e 
,)وا‎ @)) 


ale, a) 


[239] 

(C, о). The machine 

finds the last symbol of 
forma. 2 €. 


(É) 
None R 9106) 


(č) 
None Y 
il, a) gly lË, о) 
0 ë 
"SN 0) 


not û L q(Š, a) 


[III IIIIIIIIIIIIIIIIMII 
ILIIIIIPe[IIIIILIIF-LILII III LIpe 200000ғ-000000000 


pol, @, В) pelpe( Ë, В), a) peal, (Y, p. The machine 
prints о f at the end. 
" | НИ wal le | п de ht ДЕ 
(б, a, В) ies, A), a) aC, a, В), d [UA 
Јат Path 


LLL ee О00е0000000000000 ee 20000600000000 ee 37 1 er J8 Y 
m 


a(S, о, f) afe (35, В), о) lD, о, В, y). The mach- 
с Ва, B, y) ses (D, B, у), o) ine copies down at the end 


first the symbols marked c, 
then those marked f, and 
finally those marked y; it 
erases the symbols а, |, y. 


по(53, а, |) eel, В), а) t(D, a, Њу), MEA 

eD, В, у), о) ДААД SIR adio 3 
it, HERR ABRIL TA. 
ЕД НО, ZF, 
а, Ву ЫЕ 

ооооовооовооооооваоооооооооооовроооооооооооооооовооо 


Dna ** 5 О0090000000000000000000000000 


OOOUOOOUOOUU e 00000000 | 
9 R qe) From (ë) the marks are 


erased from all marked sym- 


alb, а, |, y) 


JG 
Not a L dE) bols. > (5, 
Any ВЕК 0106) 
qe) 
None ë 
А ; 1e) st б) ЖӨН 
- | 135 РЈ a ЉЕ J& fh hls уз 
Not 3 [, "(9 | ik t 10 i) T i F ЈЕ He va Дт 
236 
| Àny КЕБ (6) 
al) 


None ë 
ОО0000000О00О0О0О0ОРаѕса000000000:0001934—П000000000000 
О0000+000000000ОРгепёісе-На1197 500000000000000000000000 


UUUUUUUUUUUU UU UU 
III III 


LAL ПОООО:ООООООООООООООООООООООО “Recursive Unsolvability 
of a Problem of Thue”[]The Journal of Symbolic Logid Vol. 12[]No. 
Маг. 1947001- 12 10П0П00000О0ОМагип Davis[J]ed.[]The Undecidable 
[Raven Press[]1965[][]293-30 ЗПИПООООООООООООВ. Jack 
Copeland[]ed.[]7he Essential Turing|JOxford University Press[] 
2004[][]97-101[] 

020 tar-pit[ ОО000000000о0000о0оовоооооо00О0в—– 000 

ПЗП П000000О 10 21 Hz[]— — DO] 


LIS IJ 
ШЦ 


LEICIETETDIE EIE TD TC TL TEILTE CIC TEIL IC TC JC Оооо Оооо Оооо 
LEIDEIEEBICIDEIEEEICID CO UO LETTIDIDCIDI EIC DIEI DOO UID 

00002 en onm ab p UU oo 

193 7ПОООО:О0000000000000000000000000000000000000000 
UUUUUUUUUU TC TL TEILE IC TETTE TC TC ICT JE TIC Uo 
ООО00000000000000000000005:00000000000000000000000000 
UUUUUUUUUUUUUUU Ооо оооу ооо ооо Оооо Оо ООо Оооо 
ОООООООООООооОвооовововооовоооооо 

ООООООООООоооовоОовоооовоооовооовооовооовоооооооооо 
ОО00О0ООООООоооовооовоооввоововооовоооовооовооовооовооа 
ОООО 

ОООООООООООООооОооооооооо00000000000°:0000001878— 
1929П01000000000000000000Епіютар0191800000000000000000 
ОО0000000001923П00000000000000000000000000000000000000 
О0000000000000-25 

ОО0000000000000026000000000000000000000000000000000 
ПО260000000000000000000000000000000000000000000000000 
LEICIETETEIE ICE TD TC TETTE IC TET TC CIL ILE IC TEILT ооо Оооо оо Оооо Оооо 
LEICIETETEIE ICE TD TC TETTE UU 
ОНОН 

ОООООО000000000000000000000000260000000000000000000 
о26ПО00000000000000000000000000000А000000Т00000000007 
ООООООООАВОООООООООООВООООООООООООООО000 

ОООООООООООООоОооОооооооо00000000000002600000000000 
LEICIETETEJE ICE TDI TC TETTE IC TETTE TC TC TCI ооо о ооо Оооо Оо ООо Оооо 
MOULD 

LETCIETETEIE TEILT ООО TEC TET TC TCI ILICE TETTE ОООО TC TC TC TEIL TC TC TTL TC TL JL TL 
LEICIETETLJEICIL TDI TC TETTE IC TCI оооу Uo 
LDEEIBIOSDULDSULTIBDULIE DE] 

ООООООООООвоООвоОовоооовоооовооовооооооовоооовооооо 
ОО000000000000000026000А000000000000260000000000А0000 


ОО000000000000000000000000000000000000000000000000026 
ПАЦОООООООООООООООООООООООООООООООООООООООООООООООООО 
ПО000000000000000000000000000000000175760000260000000 
ОПОН 
UUUUUUUUUUUUUUUUUUU UU UU оооу оо UU 
ОПОН ооо UU 
193з2000000000000000000000000002У0000000000000000000 
П000000000ротоо0500000001938пос0000000000000000000000 
00000000000:0000001905—198ођа00000000000000000000* 000 
ПО000"5201000000000юроторос0000000000000000000000000000 
ПО0000000000000000220 
UUUUUUUUUUUUUUUUUUU ооо UU UU оооу оо UU 
ОО00000000000000000000000000000000000065&С5П000000000 
1938000000: О000000000000ООООе Се сеоооооооовооооб 
1936000000000 19 39006 Се ССПОООООООООООООвОвООО> OU 
ПО0000000000000890000000000000000000000000000000000000 
UOL 
19ЗӘПӘП10000000000000000000009040000:0000000000000 
ОПОН оооу оооу оооу оооу оооу ооо 
воООООООООООООООоОООООоООоОоООоООоОоооООоОоооОоОооооооо0000000 
OOOO 
[11119 3900000000000000000000000ООООООбоогаеоророоооо Ооо 
0000000000000000О0ОООоООООбберотрепорро 194 о0оооб“ ETC 
Вотре”ВООО0О00000000000000000000300000000000000000 
П00“О0Вотрюе”О0050000000000000000000000<10000000000 
ОПОН оо ооо оооу оооу оооу оооу ооо 
0000Кіѕѕеѕ$60000000000000000000000000000000000000000000 
UUUUUUUUUUUUUUUUUUUU UU UU UU UU оооу ооо оооу ооо 
ПО000000000000000000000000Вапригуро0000000000 
banburismus| |[ |[ ] 
11941000000000000000000000000000000000000000000000 
uen 0 :00000000000000000000000000000000000000000 
UUUUUUUUUUUUUUUUUUU UU UU UU оооу оо оооу ооо 


ООООООООООвооОвоооооооовоооовооовоововооооо и 
LEICIETETEIE ICE TDI TC TE TEILE IC TETTE TC TCI ILI IC TC TCI IC TC JC TOL TC ICT ILL TC ICT JL TC ILI TL 
О000000000000000000000539 


19А1П000:0000:0000000000000000000000000000000000000 
ПОС:ООООООООООООООООООООООСООООООООООООООООООООО 295000 
LILIETETETETEICICAE EYE TLTLTLTETETETETETLTCTLTLI 

194А2П1100000000000000000000000000000000000000000000 
ПООСООООООООООООООООООООООоОООООООоООООО00000:000001889 
—197600000:П000:00000000"0000000"01948000000000000000 
ПШПШ ШШШ 

UUUUUUUU UU UU UU 
LILTETETETETETIE AERE UU UU UU 
Про рроооооооооооооовооооооц 

ПООСООООООООООООООООООООООООоОООООООоООООООРЕСНООООО 
ПОООМРЗПООООООООООООООООООООООООООООООООООООООООООО0О0 
LILTETEJERETEICICAE EYE ILTLTLTETETETETETE TEE IEIEILTL TETTE TETETETETETIOAE IEEE TL TL TETETETETETLTCTLTLI 
LILTETETERETETIEIEAE UU UU 

UU UU UU UU 
О0О000000000000о 

HOUOL 

5. Enumeration of computable sequences. 

A computable sequence у is determined by a description 
of a machine which computes y. Thus the sequence 
001011011101111...is determined by the table on p. 234, 
and, in fact, any computable sequence is capable of being 
described in terms of such a table. 


>. П0000000 
ПООООООУЈО00И1000000000009001011011101111...100234 
HULU UU 
00000 Z 500001010000 
It will be useful to put these tables into a kind of standard 
form. 


LILTETETETETETIEICAE TEILTE TL TETTE TE] 

ПООООООООО1000005 800000000000000000000000000000000 
ПООСОООООООООООООООООООООООООООоОо6әроооОО0000000000 
UUW 
О0О00000000000000000000 О 

In the first place let us suppose that the table is given in 
the same form as the first table, for example, | on p. 233. 
That is to say, that the entry in the operations column is 


always of one of the forms Е: Е, R: Е, L: Pa: Pa, R: Pa, L: R: L: 
ог по entry at all. 
000000000002 3 300! 0000 00000000000000000000000Е: FLIR: 
E| ]L: Pa: Pal |R: Рај2: R: ЦООООООООО 
О0000000000000000000000000000000000000000000000000о 
О0000000000000000000 
The table can always be put into this form by introducing 
more m-configurations. 
LILIETE TEILE -LTEIETEILTETETETETETETAE TEILTE TE TE] 
LLL 7 700000 6 000 
[її hg A 
п1-ї l; [3 TRE ЦЕЛ m-4 la 
| Pa, R, Pa, R, PO, R. R. РОЈ L, L б 


UUUUUUUUUUUUUUUUUUUUU UU 
сеп | 
kits (TH 


Lis por ht. E] ын, (Á ДА. +, | 
m-4 fa HS Ji T! Hz 22 m= ЈЕ] 


i Pa, R 

Pa, К б 
h РОЈ R г 
\ R qj 
Н РО, L | 
| I 0 


О0000000000000ООООоОООООО 000 0000000000000000 
Now let us give numbers to the m-configurations, calling 
them qj, ..., др, aS in 81. The initial m-configuration is always 
to be called qj. 
ОО00000т-000000081000000009:090...09000т-00009:0 
10000000023 70000т-00000000009:092370 


HOU О000000т-р00000009: 09600000000 т-00000 6 0009000 
ОНООН 


ПП ПП 


га - О ПП ПП ПЦт-[П 


1 Pa, R 92 
q» Po, R q3 
q3 PO, R 94 
qa R qs 
qs P0, L д6 
qe L q7 
We also give numbers to the symbols 51, ..., Sm 
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and, in particular, blank Sg, 02 5,, 1=55. 
ПО0000 51 0. ..05.00000000050000510105:0 
DEBE а оророрововв 2 DEO +#000000000000000000000000ОнНОО 
LILIDIEICIE IE SETTE IDEE IE IE III III 
SoLILILIL 
510000 
50101 
5з00ә0 
S4LIETXC] 
002000000000050053 40000 
LH IILI IILI 


ПП ПП 

m- | ПП ПП Lime] 
qı PS3, R q2 
q2 PS3, R 9з 
q3 PS1, R qa 
qa R qs 
qs PS1, L д6 


ds L q7 


The lines of the table are now of form 


m-config. Symbol Operations Final m-config. 


qi S; PS, L qm (N1) 
qi S; Р5, R qm (N2) 
qi S; PS, qm (N3) 
LIEU] 
m-| || ПО ПО ПОга- О 
qi S; PSx, L qm (Лу) 
q; S; PS, R qm (N2) 
9; 5 P5, Qm (N3) 


III UU 

LEID BIDIDBIE TCI CDI NS UN ОАЗООООООООООООвОООООООООООО 
ПИПШШШИШИШИШ 

ПО00000000005000000000000000000000000000500000 


Lines such as 

qi S; E, R qm 
are to be written as 

qi S; PSo, К qm 
ШИШЕ 

qi S; E, R qm 
LILILILTLI 

qi 5j PSo, R Qm 


IILI III IIIIIIIIIIIIIIHIEIII 


and lines such as 

qi S; R Чт 
to be written as 

q; S; PS;, R Qm 


In this way we reduce each line of the table to a line of one 
of the forms (M1), (Nə), (N5). 


ШЦ 

qi S; R qm 
ОЧЧО 

9; 5j PS;, R Ge 


LCD BIDBIETE ETE TCIDIDBETE CIE TOIDETLI AM 000 A2000 W300 UU 


LIEIEITEIWE OOOO OOOO EIC OOOO 
ПОООООООООвОООООООООООвОООООвОвОООоООвонооооОооОооооц 
ОПОН 


ПО ПО 

m- Ij ПП ПП Lime lr] 
qı So PS3, R q2 

q2 So PS3, R дз 

q3 So PS1, R qa 

qa So PSo, R qs 

qs So PS:, L д6 

Q6 50 PSo, L q7 


ООООО000000000000000т-000 


| R, Px. L. L, L D 
D 
0 d 


0-00 e 0000009000000000 ооооооооооооооооооооооооо 
LEITET LL Im- LE gs до g3 oL] m TEIL] 9 Ода im LII 7 TEIL] 


ПО ПО 

па - О ПО ПО ПОта- | 
q7 52 PS2, R Фа 
q7 51 PS1 qii 


LEICIETETDE CIE TDI TC TETTE ICILILJLIm -ОО ав доб длобо 


да So PS4, L qo 
qo 52 PS2, L 910 
910 50 Р50, L q; 


LIDBICIETETETEIDIE ACIE TE TE TEILTE IE TE TEILTE TEE IC TE TEILTE TEIL gs UU 
DBIDIETDBIEEYXCIEEYBICIETEDYBICIE TEE TETEICIE RETE 08 9000000100000 
DEBIDIETDBIDIEY D EIEETDCIEIET DICE DEDI ШШ DIOE ОООООООООООООООООООООООО 
LLL IILI IILI TL ILI 

LLL IILI IILI IILI LILILILI TEILTE IL TE I TTL 
ПОООООООООО 000200030000 BIETET TER ETE TIC TETETETCTETETETCTLI 
ООООО00000000000000000500005100052010000000005з0540000 
UUUUUUUUUUUUUUUU UU UU 
DEO D а 00000000000000000000 о 

ОО000000000т-рОООООАЈАООООООООООЦ 

From each line of form (M) let us form an expression 
q ;S;SxkLqm; 
H0000 M IL LL ILILILILI I Об ак 9 ml 

ООООООоООООООООоОооооооооооооооооооооооооооооооо0ооо" U 
т-0090000000050000005,00000000000т-р09000%ОА0000 
ПОШО 


from each line of form (M5) we form an expression 
фојокКа у; and from each line of form (Ns) we form an 
expression фојок Ма. 
ОООМЉ0ООО0О00О0 9,5) еВ ан N30000q;S;SkNa mO 
ПООООООООООООООООООООМаооо00000 
Let us write down all expressions so formed from the table 
for the machine and separate them by semi-colons. In this 
way we obtain a complete description of the machine. 
ОО0000000000000000000000000000000000000000000006 
ОО000000000000000000000000000000000000000000000000о 
ОО0000000000000000000000000000 9 ote UU 
О0О0000000000000000000000000000000000000 
In this description we shall replace q; by the letter “D” 
followed by the letter "A" repeated /times, and 5; by "D" 
followed by "C" repeated / times. 
ООО0000000000000/000А0009; UL ID 051 
10091 ОПОРАЦЦ0 95 ПОРАААААПООО000000009: UUU ge UU 
SoLIEDBIOE PU Si DBIHIOLTIHEIP CE >000 10000 9 COL а 0] LIL IDCCCI III I JLI 
This new description of the machine may be called the 
standard description (S.D). It is made up entirely from the 
letters "A", "C", "D", "|", “R” “М”, and from “:”. 


ОО0000000000000005.ОрОО000000А0СЈЂОААОМЈВО" ET OU 


[| 
HOU 20) RO MUU 
If finally we replace “А” by "1", "C" by "2", "D" by "3", T 
by "4", “R” by "5", “N” by "6", and “;” by "7" we shall have a 
description of the machine in the form of an arabic numeral. 
ПШШШШПШПАП2ЦПП 20300 20400 25 00 RO e EM ] Z HET L 0000000 
UUW 
UUW UU UU 
UUW UU UU 
ПОО 
The integer represented by this numeral may be called а 
description number (D.N) of the machine. The D.N determine 
the S.D and the structure of the 
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machine uniquely. The machine whose D.N is n may be 
described as (n). 
ПООООООООООООООООООООо.мО00.МО00005.000000000 
О.МОл00000000:(0)0 
О00000000000000000000000000000О 
To each computable sequence there corresponds at least 
one description number, while to no description number does 
there correspond more than one computable sequence. 
О0000000000000000000000000000000000о 
О00000000000000000000000000000000000000000000000000 
О0О00000000000000000000000000000000000000000000000000о 
REH 
О000000000000000000000000о 
The computable sequences and numbers аге therefore 
enumerable. 
UUW 
LILIETETE AERE UU UU 
UUW 


[III 


Let us find a description number for the machine | of 83. 
HODBESSUDBITEIBIDITE T 
О0О000000000000о 
Ни Ја) TA 
m-1 lJ t. БЕТЕ Hzf* mî =) 
b None РОЈ R 
с Мопе К Ë 
É None Р\,Ё [ 
f None R | 
When we rename the m-configurations its table becomes: 
qı So Рорк ٩2 
q» So Р50, К q3 


q3 So PS2, R q4 


qa So PSo,R qı 


l 1Im-L IILI III 


qı So P5,,R @2 

q2 So PSo,R q3 

q3 So PS2,R qa 

qa So PSo,R qi 
ОШООО 


Other tables could be obtained by adding irrelevant lines 
such as 


qı 51 P5,,R 42 
ОШООО 
qı 51 P5,,R q2 


UUUUUUUUUUU UU UU UU UU 
ПОСОООООООООООООООООООООО0о0 
Our first standard form would be 
qı 50 51 R 9; 92 So So R 93; 9з 50 S2 R qa; qa So So R qii. 
LLL III IILI 
91505192; q2SoSoRqs; 935052 Кӣ4; qaSoSoRqi;. 
UIUUUUUUUUU UU UU UU UU UU UU @ ЇЇ 
O02 0U0UUUA OOO S00 2019000000 100000 
The standard description is 
DADDCRDAA;DAADDRDAAA; 
DAAADDCCRDAAAA;DAAAADDRDA; 
LILTLILILTLI 
DADDCRDAA;DAADDRDAAA; 
DAAADDCCRDAAAA;DAAAADDRDA; 
LILTLTLTETETETETETEIETCICTC UU UU UU Uo 
ПО 2000 PU 


) О09002000000А0000000000000000000А0000 
) ООРОООАОООООООООООООООО 200000 00000 00000 2 
ППШШШШШШШИШПИШШШШП P CELLO CL] PC 2500 00000 С900000000 
UUW UU 
HUUUUUUUUUUUUUUAU200 COU3S00 2005 00 RETE 7 OU 
A description number 15 
3133253117311335311173111332253111173111133531 
7 
and so 15 
3133253117311335311173111332253111173111133531 
731323253117 
HUW 
31332531173113353111731113322531111731111335317[| 


| 
3133253117311335311173111332253111173111133531731 
32325311700000000 
00000000000000003132325311700000000000000000000000 
000000" 0000” 0091 53 $1 Хаг 0000000000000000000000000000000 
ОО00000000000000000:/7300000000000000000000000000000000 
OOOO 
ПО0000000000000000000000000000093500000000000035000 
IILI III III аз5000000О00ОО0О0ООц 
DAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA 
LL 
311111111111111111111111111111111111 
LLILLILIILI III) 
ПОО0О0ОООООООвоОвоОвООвонооооовоовОвоОвОвОООвоОвООнооОц 
п=3.1415926535897932384626433832795... 
ОООО UU UU tt 
П00Оз 20000000000000000000000000000000000000000000000 
LILTETETETETEYETE TETTE ETE оооу 
LILTETETETETEAETEYEETE ETE ETE TE TETE TETTE TETTE ETE ETE UU UU 
ОШООО TEE TE UU UU ACIE IE TE TE TETTE UU 
LITE TEE TEE YET YE IEEE 
ОООО оооу TETTE TEILE] — EALIALILOL ALI LTL TL TL TL TEILT 
ОООО — UU 


LLL IILI 000000 0000000 
ПО" ПЕШЦЦПИЦИШШШШШШШШШШШП 
HULU EYE TLTLTETETETETETETE TTE TE TEILTE TETETETETETETE TTE TEILTE TET TETETETETETL TET ILI 
ПООООООООООООООООООООООООО0М5 Word 20030000000 
WinWord.exe[ D00012 047 5600000000096000000029000000000 
LL LIWinWord.exer]] 111029 000 Со0ДО00000000000000000050000 
ПОО000050000000000000011 ооорррооороОООдоодо E]101]1001 ] 
ПОООООСООООООООООООООМИіт\Мога.ехедооо00000000000000000 
О0О0000000000000000000000000000000000000000000000 
О0О00000000000000000О 
A number which 15 a description number of a circle-free 
machine will be called a satisfactory number. In §8 it is shown 
that there can be no general process for determining whether 
a given number is satisfactory or not. 


Sa 


LETCIETETEIE ICE TOC TETTE CTI TIC TCI ILC IL TCTC JL ОООО TC TCI ILLIC TC TOL TC TL JL TL 
LEIDEIEEBOIDEIE ICD UID UU 0 EDEIEIDEID OOO 
UUUUUUUUUUUUUUU IC TETTE UU 
ОНООН 


ПШ UU UUUUA/an Turing: The Enigma[]Simon © Schuster{] 
1983[]]1 38[] 

021 David Kahn[]Seizing the Enigma: The Race to Break the 
German U-Boat Codes[]1939-1943|]Houghton-Mifflin[]1 991[][]ch. 
ЗП] 

030 00:000000“ How Polish Mathematicians Deciphered the 
Enigma” [JAnnals of the History of Computing|]Vol. 3[]No. 3[]July 
1981 10213-2 ЗАППООО Elisabeth Rakus-Andersson[]"The Polish 
Brains Behind the Breaking of the Enigma Code Before and 
During the Second World War” []|]JChristof Teuscher[Jed.[]A/an 
Turing: Life and Legacy of a Great Thinker Springer 200410 
419-439[] 

040 [| LLL How Polish Mathematicians Deciphered the 
Enigma"[]226[] 

050 Kahn[]Seizing the Enigma|]73[] 

060 ringpgA/an Turing 1480 

WU Stephen Budiansky[]Battle of Wits: The Complete Story of 
Codebreaking in World War ШЕгее Ргез5 1200001155 ППОООЦ 
Jack Gray and Keith Thrower[]How the Turing Bombe Smashed 
the Enigma Соде брееаме 12001 

080 Alan Turing 218-91 

090 |. J. Good[]" Early Work on Computers at Bletchley"[]Annals 
of the History of Computing|]Vol. ШМо. 1[]July 197900410 

0100 Alan Turing[]206][] 

UL OOOO“ How Real are Real Numbers?"[]/nternational 
Journal of Bifurcation Chaos{]Vol. 16[]2006[]]1841-1849[]LLL] 
Gregory J Chaitin[]Thinking About Godel Turing: Essays on 
Complexity[]1970-2007[]World Scientific[]2007[]]267-280[] 


090 
l O 5 


ОО000000000000000о0000000000000000000000000000000000о 
ОО00000000000000ОоО0о0О0оооооооооовововововооововооововооо 
HOUOL 

6. The universal computing machine. 

It is possible to invent a single machine which can be used 
to compute any computable sequence. If this machine 4| is 
Supplied with а tape on the beginning of which 15 written the 
S.D of some computing machine A, 
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then “Al will compute the same sequence as Jl. In this 
section | explain in outline the behaviour of the machine. The 
next section is devoted to giving the complete table for “||. 
6. QUUUUU 

UUUUUUUUUU UU ч So 
E AAI II U 000000 ~M О00000000000000000000000000000000 
O 00000 

ПОСО000000000000:0000000000004(000000 

ПОООООООООООО ООо ооооооооооо оооу оооооооооо Оооо 
ПОООООООООООООООООООООООоОООООооор:00000ОООООООООООООООО 
О0О000000000ОООО 

ПО00004(000000000000000000%00000&та;&та;П0А0СЈр041 
МЈАО0000000000000004! О00000000000000000000000 

ПООООООООО REDE EIE О0000ООООООООООООО E 0000000000000 
ПОСООООСОО AU О0000000000000000-00000000-00000000000000 
ПОООСООО000000000.00000: 000000 

ПО004(00000000-0000000000000000000000000000000*00”00 
LIETETETETETETETETETETE чи QUEUE 

ПОООООООООООО ООо ооооооооооо оооу оооооооооо IL 
UUUUUUUUUU UU 


UUW 
ОООООООООО А ОР-ОООООООООООООООООООООООООо 
ОООО000000000000000000000000000000* YU 00000A 000000” O0 
ПОЧ 0000000000000000 
ИПШШШШИШИШШШШИИШШШШП 
Let us first suppose that we have a machine 4 which will 
write down on the F-squares the successive complete 
configurations of Jl. 


LLL I О000000Е-0000-00000000 
О0О00000000000000оооОоооооооб0О - LI IL TE TE TE TEIL] 
HOUOL 
These might be expressed in the same form as on p. 235, 
using the second description, (C), with all symbols on one line. 


00000000 2 3 5 000000000000 000 ОКО 0000000000000О 
008 20000000000000 
b :aa00 О:2240 B no 
IILI IL TETETETE UU UU UU - UU 


Or, better, we could transform this description (as in §5) by 
replacing each m-configuration by “D” followed by ^A" 
repeated the appropriate number of times, and by replacing 
each symbol by “D” followed by "C" repeated the appropriate 
number of times. The numbers of letters “A” and “C” are to 
agree with the numbers chosen in §5, so that, in particular, “0” 
is replaced by “DC”, "1" by “DCC”, and the blanks by “D”. 


ПОООООООООО PouuUU UA - 0000 20000000 2900 
ПОООСООООООООООООООООООО85О000А0С10008510000000000090 
пра1:Шрсаоо000100 

ПОООООООООООО UU UU 

These substitutions are to be made after th complete 
configurations have been put together, as in (C). Difficulties 
arise if we do the substitution first. 


ПОСООООООООООООООООоОООООоООС) О00000000000000 
ПООООООООООООООООООт-ПОООООООООООООООО:00рСАТООООО0 
HOUOL 
In each complete configuration the blans would all have to 
be replaced by “D”, so that the complete configuration would 


not be expressed as a finite sequence of symbols. 


LEID 2ООООООООООООООООООООООООО 
HW 20ОООООООООООООООООООООООООООООООООООООООООООООООо 
HOU" UU "oo 
[ПП GOO 2000000000000000000000000000000О 
If in the description of the machine II of 53 we replace" go" 
by “ОАА”, "3" by “DCCC”, “9” by “DAAA”, then the sequence 
(C) becomes: 
DA: DCCCDCCCDAADCDDC: DCCCDCCCDAAADCDDOC.:...(C4) 
(This is the sequence of symbols of F-squares.) 
ПОО083001000000 e ОООРААОО о DUP CCC 3 UUU PDAAAQOUOL 
(COOOL 
DAI] DCCCDCCCDAADCDDC|DCCCDCCCDAAADCDDC]...( 
Сл) 
ПООЕ-ООООООООО 
ПОООООООООООООООООО 6 OUUU PAU Po uuu eco 
ОО000000000000000- 00000000000: 0Р-00000010000Е-000000 
0000000010002! ОР-ОООООО А 0000000000000Е-000000000000000 
ПОООООООООООООООООООООООООооОоооооРооооооооооооооо00 
) О00000000000А,00000000000000А0000 
) О 20ООООАОООООООООООООООО 200000090000 CHOO 2000 
ПОО000000000000сє ороросе HU10UUUU С0000000О 
It is not difficult to see that if Л! can be constructed, then so 
can „А“. The manner of operation of „4 could be made to 
depend on having the rules of operation (/.e., the S.D) of Л 
written somewhere within itself (/.e. within A); each step 
could be carried out by referring to these rules. 
ПО00ооооооооО A DOU C UM О0000000000000000000 
A ОООООООО0ООО А О000000000000000000000000000000000000 
REH 
OA OOOO ООООООООООООООООООООООООООООООООООООО П 
ППППППППППППППППӘ 00000000000 
We have only to regard the rules as being capable of being 
taken out and exchanged for others and we have something 
very akin to the universal machine. 
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HOU N О00000000000000000000000000000% 00000000000 
О000000000000000-(0000000000000000000000000000000000000 
ОООООО000000000000000000000000000002П0000000А000000000 
ООО0ООооооововоооо 

DAAADCC 

0ОооооововооОООООа-ОО0 ¢3000000001 04 0000000000000000 
ОО0000000000000000000000000-(00000000% О000000000000000 
О00000000“ О0000000000000000000000—==00000000000000000 
ОШООО m -DJCTETAIETOBIDILTD TETTE TC TET TICTETEJE TTC TE - 0 
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ПООООООООО AC 0000! 000M 000000000 

One thing is lacking: at present the machine J prints no 
figures. 

ОО0000000000000: 0000000 

ПОООООООООО00О OUUU О000Р-ООООО-ХОООООООООООООООАОСЈ 
ОПООООООООООООООЕ-О000000000000000009010 

We may correct this by printing between each successive 
pair of complete configurations the figures which appear in the 
new configuration but not in the old. Then (C,) becomes 

DDA:0:0: DCCCDCCCDAADCDDC : DCCC... (C2) 

It is not altogether obvious that the E-squares leave enough 
room for the necessary “rough work”, but this is, in fact, the 
case. 
Eee 

1 
DDA:0:0: DCCCDCCCDAADCDDC : DCCC... (C2) 
ПООООЕ-ООООООООО“ 0000" PU 
(C> 'ОООООО SOOO СС> D (C 4 )00000000000000000000000000 
О00000000000000000000О 
DEBIDO O0 0000A ОО0оО 20000000 П ООООООООООООООООООО 
О00000000000000000000000О 


ООООО000000000000000000000000000000000000000000004 ’ 
HO“ ОООООООООООООО 
ПООе 0000" UU" ОО000ОООІПОООООООООООО 
HUUUUUUUUUUOUU OOOO 009 
0 10000000000000000о T LO AC DIDI CHICO IO EFE 0000“ 00000000 
LBBIBIEIEEIEDIBIBIEIHO LLL] 
LILTETETETETETEIETL II CIC TC TC TC TC TC TC ILLIC ILC TL JL TL IL IL IL TL TL TL T 
The sequences of letters between the colons in expressions 
such as (C4) may be used as standard descriptions of the 
complete configurations. When the letters are replaced by 
figures, as in $5, we shall have a numerical 
[243] 
description of the complete configuration, which may be 
called its description number. 
ПООСОООООС: ПО000ООООООООООООООООООООООООООООООО0085 
LIETETETETETETETETETETETETETETETETE TEIL TEIL IL IC IC ICI JC JC IC JC JC JL JL 1 | 
ПОООООООООА 0000040 
LILTETETETETETETETETETETE TEIL ILI IL JC IC ICI ICT RC TC TC TC TC TC TC TC TC TC TC TC TC CT C TC TC TE TE TC TE TC TL TE TL TC TL TL T 
ИПИ ТҮШИ 
П00 
П0О000000000000000000000000000000000000000000000000 00 
LIETETETETETETETETETETETE TEIL ILI IL JC IC CIC JC TC RC CIC TC CIC TC TC TC TC TC ICT C TC TC TC TE TEILTE TEL TL TL TC TL TL TL TL] 
HOUOL 
7. Detailed description of the universal machine. 
A table is given below of the behaviour of this universal 
machine. The m-configurations of which the machine is 
capable are all those occurring in the first and last columns of 
the table, together with all those which occur when we write 
out the unabbreviated tables of those which appear in the 


table in the form of m-functions. E.g., с (any ) appears in the 
table and is an m-function. 


7. ШШШШИШ 
LJEETEIERETERCIETE ICI JEICIDJETETE - UU Um 9 | 


rrumanu e (8 )ППППт-ППП 
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) Пе 0000000000023900000 +: 13000 


— 9 К (1 (©) 
(©) 
Not ә L. (C) 
Any R. E; R e (©) 
e; (&) 
None (Š 


je ng?" nra 
Its unabbreviated table is (see p. 239) 


ә ћ ст (апј) 

(ап) 
not ә L (ап) 
Апу R.E. HR ст (anf) 

ст (ant) 
None anf 





Consequently г (ayy is an m-configuration of “||. 


LOIDEIEIEIDIDUI 2 39000 


R ст (ant) 


апр) 
not a L e(anf) 
| Апу R,E,R e1(anf) 
ey (anf) 
None anf 


J00 e 109" )garpngm-nnn 
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When 4| is ready to start work the tape running through it 
bears on it the symbol 3 on an F-square and again 3 on the 
next E-square; after this, on F-squares only, comes the S.D of 
the machine followed by a double colon "::" (a single symbol, 
on an F-square). The S.D consists of a number of instructions, 
separated by semi-colons. 

Ou 000000000000000000 0 О Р-О0О000ОО ә П000Е-000000 Ə 00000 
ПОООЕ-ОООООООООООООООООО "ОО" ОО0000000Р-00000000000000 
HUW 

LEE BB BIBBIA DIET UU ООООООООООООООООООООООООООООО 
О000000000000ОО 

1000000012 700000500000000000000000000000000000000000 
HOU" 00000 

ПООО4О0000000000000000000000000000100000000000 


т-00 ПО ПО ПОта- | 
qı So PS1, R 42 
42 50 PS;, R qı 
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000-0000 aaiaaanpuuu p aaa E CCICCI 
Each instruction consists of five consecutive parts 
(1) "D" followed by a sequence of letters ^A". This describes 
the relevant m-configuration. 


О0О000000000ОООО 
(1) О00000А000000000000т-000 
ОПОО00000А000000т-000000000000009: 0000900 
(1) "D" followed by a sequence of letters "C". This describes 
the scanned symbol. 


(11) 2ООООО СООООООООООООО 
ПОООО0О0О0ОО 2000000000 20000 сороров Pau 200 11 
(iii) "D" followed by another sequence of letters “C”. This 
describes the symbol into which the scanned symbol is to be 
changed. 
(iv) “Т”, “К”, or “N”, describing whether the machine is to 
move to left, right, or not at all. 
(v) “D” followed by a sequence of letters "A". This describes 
the final m-configuration. 
(11) DI IILI СООООООООООООООООООООО 
(iv) ДЦЈАОМООООООООООООООО0ОО 
(v) П00ОООООООАОООООООООООт-000 
ПООООООООООвООООООООвАО CU 2000000000000050 #000000000 
ПООООООООООЕ-П00000 
The machine 4! is to be capable of printing “A”, "C", "D", 
“0”, "1", “и”, “у”, “W” “x”, “у”, “Z” 
ПОООО З OUDA C LPCO D 1 1] uL] mixy 
000000 27 О000000000О0ОООО 
The S.D is formed from ";", "А", "C", "D", C, “R”, “N”. 
S.DI[ J; JALICIIDI |H |R[ |N TE 
HOUOL 
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Subsidiary skeleton table. 


Not A RR соба) 


„(ба | У 
ene, g | А L, Pa, R wnl®,a) 


А R Ра АВ “ml o) 
D R, Pa, R соба) 


С R, Pa, R об, a) 
NotC КЕ ë 


отб, а) | 


копа (5, û) | 


ОООО 
„МФА RR с, о) 
cn (Ê, a) | 


AL, Pa, R “nl a) 


A R Ра, R оба) 
D R Pe В  cono(@,a) 


eile a) | 





C R. Pe, R спо(б,о) 
Not C КЕ б 


onal, a) | 


con (6, 0). Starting from 
an Fsquare, 5 say, the se- 
quence C of symbols describ- 
ing a configuration closest on 
the right of Š is marked out 
with letters a. — €. 

onl, ) In the final con- 
figuration the machine is 
scanning the square which is 
four squares to the right of the 
last square of C. C is left 
unmarked. 


on(®, a) D] — ЖЕ 
(HS) FRE, Жаный 
JE HSA R К Л УЕ) 
ts IC, REE 
onl, ), HARB ЕЮ, 
пао а Ct) RE — ft 
HO, CRA RAR 


m-[]] €?" QoQconfigurationQ 0000000000210 
con (Ca) None PD, Е, Pa, R R R G 
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slol: [0] [a] [0] [0] [e] [R] [o] [a] [a] - 
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The table for i. 

i fh, by, 32) h. The machine prints 
bh R,R,P,R,R,PD,R,R,PA аў — * 0n е Fequares alter 
RENO SQ б, #:: НЕНА 


| (by, 6), :) FDA, Ae ml 


à R,R, P: А ЕРО К,К, РА ај 


т-00 f ООО0000000000000000000000000500000050000000000 
па -ЦООО0ООбобобобобОбОбОта-ОО0 a, OU PAO 6 100000000 
OULD 





:| [0] [A] [A] [0] [0] [0] [0] JRj [0] Jaj |:| 
:| [0| ЈА] Ls 


уроовеи-дора У pnm S., “Yang 

0" 00000000000 9 000000000 9 О000000000000000000 

ant g(anty, :) an. The machine marks 

the configuration in the last 

complete configuration with 
y. = fom. 


WOOO" E] 


anfi con fom, ¥) 


ant (ап, :) 


an} 3,8 ЛУ ЕАВ—^ 
LARA PHA, RE- 


anti conf fom, у) 


fom 
o 000000000000000000 °°" ООоубО0Ока-000000 FP", 0000000 
EIEDEIETEYEENEHEIE HIE] 2ОООООООООООООООООвОц 


stat] [0] [АЈ [0] [0] [0] ЈА] [0] JA] ЈАЈ | 
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IILI Ikom([I( III II 00” 000000000000 


: R, Pz, L con(fimp, x) fom. The machine finds 
2 LL fom the last semi-colon not 
not z nor; L fom marked with z. It marks 
this semi-colon with z and 
the configuration following 

it with x. 


fom 4 





‚ АМ оты) dw, ЕВЕ 
fom 4 2 L, L fom fiit Жей? yz è ка № 


not znor; LÛ tem 


р ii [5 s i x X 
000000 tem ИШИТИП een 05500000 
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Emp сре от, x, у), sim, x, y) Imp. The machine com- 
pares the sequences marked 
x and y. It erases all letters 
x and y. — sim if they are 
alike. Otherwise — fom. 


ту epe(e(fom, х, y), sim, x, y) imp | ALES 
уй] |. CARER PTA itoy 
RA Д sm, 
T | fom 
00“ рооооооооовоооооовоооооовоооооовоооооохвуоовооо 
noosim 0000000 
noooo XO yaooooooooooooooooooooos?* 000000000000 e 00000 
rra, 0" 00000000 
gp” p0000000000000000000m-00000000000000 е 000000000 


mnr ° Пё" п“ оопооооооооо 
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{тїр cpe (e(e(anf, X), y), sim, x, y) 
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gogog ЇР nanan" gogogogogo 9! oooo00x0y00000000000 za 
Hadaddadae mpg] 


any . Taking the long view, the last instruction relevant to 
the last configuration is found. It can be recognised afterwards 
as the instruction following the last semi-colon marked z. > 


sim 


„| ИПИ 
ПО000000000000009%" П 
ПО000000000000000020000000000000000000т-00%""" ring ü 


ОООООО0000000000000000000000000000т-рО000000000000А0М] 
кО0000т-000 
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eim (бїтї, dimy, 2) sim, The machine marks out 
sim] сото, ) the instructions. That part of 

| | the instructions which refers to 
sim» | А ""5 operations to be carried out is 
notA R,Pu,R,R,R 9"? marked with и, and the final m 


configuration with y. The let- 


А Ру щщ) ors z are erased. 





eia | А L,Py,R,R,R sms 
eim r (йт, eim], 2) sim ua 10 А ЖД 
eum] con(simg, ) at hi Ж, ДАИ J 38 TE 
8 | A suma 9435-410 7] |, ji Lm-de 5 b 
notA №, Ри, В, В, R sim tiy FARMER 


A L,PyR,R,R sma 
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Any 
None 
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L.L LL ml 


R, Pw, R 
P: 


сви (тв), ) 


mes 
ah 


ті. The last complete con- 
figuration is marked out into 
four sections. The configura- 
tion is left unmarked. The 
symbol directly preceding it is 
marked with x. The remainder 
of the complete configuration 
is divided into two parts, of 
which the first is marked with 
v and the last with w. A colon is 
printed after the whole. — sh. 
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sh. The instructions (marked 
u) are examined. If it is found 
that they involve “Print 0” or 
“Print 1”, then 0: or 1: is 
printed at the end. 
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inet о (пен), и) inst. The next complete 
insti o R.E inst) (ое) configuration is written down, 
m | , carrying out the marked instruc- 
inet, CL) ag (00,0, V, X, Uu, w) |. | 
oe а а tions. The letters u, u, w, x, У 
inet] (R) ts (00, U, X, И, Y, Ш) ore erased, — anf. 
inety UN) ecg (ov, D, X, y, Ш, Ш) 
e Ман 
inet a(Iinat1), ш) inet , 5AM T= 
insty a ЊЕ weld на PATRAS 
inet (Т,) ces (ov, U, y, X, U, W) Situ, v. w. x, vee, X 
inet; (R) ces (ov, D, X, U, y, W) £ anf 
inet; M ) eis (oo, U, X, y, u, tD) 
p e(anf! 
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8. Application of the diagonal process. 
It may be thought that arguments which prove that the 
real numbers are not enumerable would also prove that the 
computable numbers and sequences cannot be enumerable*. 
It might, for instance, be thought that the limit of a sequence 
of computable numbers must be computable. 
* Cf. Hobson, Theory of functions of a real variable (2nd 
ed., 1921), 87, 88. 
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* Cf. Hobson[] Theory of functions of a real variable|]2nd 
ed.[]1921[]]87[]88[] 
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This is clearly only true if the sequence of computable 
numbers is defined by some rule. 
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Or ме might apply the diagonal process. 
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“If the computable sequences аге enumerable let а, be 
the n-th computable sequence, and let 2,(m) be the m-th 
figure in a. 
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a, = ó() àQ) 43) 4(4) .. 


a, = (l) (2) AO) @(4) ... 


Let B be the sequence with 1 - 2,(n) as its n-th figure. 
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р = (1 B ó, (1)) (1— Ó, (2)) (= Ó, (3)) (1- Ó, (4)... 


Since B is computable, there exists a number K such that 1 
- @ (n) = en) all n. 
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Putting n= K, 


00л= К, 
11= 2 (К) +0ф, (K)o 


we have 1 = 22K), ге. 1 is even. This is impossible. The 
computable sequences are therefore not enumerable." 
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The fallacy in this argument lies in the assumption that Û is 
computable. 
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lt would be true if we could enumerate the computable 
sequnces by finite means, but the problem of enumerating 
computable sequences is equivalent to the problem of finding 
out whether a given numer 15 the D.N of a circle-free 
machine, and we have no general process for doing this ina 
finite number of steps. 
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In fact, by applying the diagnoal process argument 
correctly, we can show that there cannot be any such general 
process. 
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The simplest and most direct proof of this is by showing 
that, if this general process exists, then there is a machine 
which computes 8. 
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This proof, although perfectly sound, has the disadvantage 
that it may leave the reader with a feeling that “there must 
be something wrong”. 
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The proof which | shall give has not this disadvantage, and 
gives a certain insight into the significance of the idea "circle- 
free". 


ПООООООООООООоОооооооо“ O00” ШШШШШШШШШШШШ 
О0О0000000000000000000О0О0О0О 
О0000000000000000000000000000000000000000000000000о 

LLIPI II 
It depends not on constructing 8, but on constructing £; 
whose n-th figure is 2 (1). 
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[247] 
Let us suppose that there is such a process; that is to say, 
that we can invent a machine which, when supplied with 
the S.D of any computing machine J will test this S.D and if 
AM is circular will mark the S.D with the symbol “u” and if it is 
circle-free will mark it with "s" 
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By combining the machines 7) and 4! we could construct а 
machine 7 to compute the sequence 67 


0000 2 040000000000 "000006210 
00000 #О00000000000000000000000000000000О @ GU 
ПО 09 О000000000000000000000000ОО # О0ООООООООО A 0000000 
DEO Deam Оооооооооаооооооооов 0050000004! 000 0000 
LLL III П 
О + О00000000000 D О0000000000 ч SU " 
HO} QUO 
ПОООООООООООООООООООО © UU 
О0О000000000000000000000000000000000000 > UU 
OOL 
ОООО Uf UU 
The machine 7) may require а tape. We may suppose that 
it uses the E-squares beyond all symbols on F-squares, and 
that when it has reached its verdict all the rough work done 
by D Is erased. 
LET 00000ООООООООООЕ-000000000Е-000000000000002 000 
LILTETETETLILI 
ОООО HOUOL 


The machine * has its motion divided into sections. In the 
first N - 1 sections, among other things, the integers 1, 2,...,N 
- 1 have been written down and tested by the machine‘). 

ПО “ОООООООООООО IA-1[ LLL IILI IILI 2 0000 LETZU.. - E] Ae 
1000000 

007000000" ООООООО C О000000000000000000000000000000 " 
П0ОООооовоовововооооОоооооооооооооооооооооооо я 00000000 
HOOOOOOOOOOO00 UU A GO 
LIE] 


A certain number, say R(N - 1), of them have been found 
to be the D.N's of circle-free machines. 
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In the Л- ће section the machine 7 tests the number N. If 
N is satisfactory, /.e., if it is the D.N of a circle-free machine, 
then КОМ) = 1 + R(N - 1) and the first R(N) figures of the 
sequence of which a D.N is N are calculated. 
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The R(N)-th figure of this sequence is written down as one 
of the figures of the sequence beta;' computed by " 
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If Nis not satisfactory, then R(N) = R(N- 1) and the 
machine goes on to the (М + 1)-th section of its motion. 
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From the construction of ^ we can see that 7 is circle- 
free. Each section of the motion of " comes to an end after a 
finite number of steps. For, by our assumption about 7, the 
decision as to whether М is satisfactory is reached in a finite 
number of steps. If N is not satisfactory, then the A-th section 
is finished. If Nis satisfactory, this means that the machine 4 
(N) whose D.N is Nis circle-free, and therefore its R(N)-th 
figure can be calculated in a finite number of steps. When this 
figure has been calculated and written down as the R(N)-th 
figure of B^, the N-th section is finished. Hence 7 is circle-free. 
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Now let K be the D.N of 7. What does * do in the K-th 
section of its motion? It must test whether K is satisfactory, 
giving a verdict "s" or “u”, Since Kis the D.N of " and since 
H is circle-free, the verdict cannot be “u” 
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On the other hand the verdict cannot be “s”. 
ИШЦШШШШШИИШШЦП5ЇЇ 

ПООООООО A 0000000000 У" О0000КОООООООООООО "90000. 116 1 
ПООООООоООООООоООовО RACK 20008 TD ROK- 1) 00000000О 

BTULDARCOQODBDBBIBUBBIBIBE #ОООООООСООООООООООСООООООКОО 
ПОООООООООООООООООООО @ О0000000000 

For if it were, then in the K-th section of its motion ^ 
would be bound to compute the first R(K - 1) + 1 = R(K) 
figures of the sequence computed by the machine with K as 
its D.N and to write down the A(K)-th as a figure of the 
sequence computed by 7. The computation of the first R( K) - 
1 figures would be carried out all right, but the instructions for 
calculating the R(K)-th would amount to "calculate the first 
R(K) figures computed by H and write down the R(K)-th". This 
R(K)-th figure would never be found. 
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l.e., " is circular, contrary both to what we have found in 


the last paragraph and to the verdict “s”. Thus both verdicts 
are impossible and we conclude that there can be no machine 


p. 
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We can show further that there can be no machine & 
which, when supplied with the S.D of an aribtrary machine Ml, 
will determine whether М ever prints a given symbol (0 say). 
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We will first show that, if there is a machine с, then there 


is a general process for determining whether a given machine 


A prints O infinitely often. 
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Let л; be a machine which prints the same sequence as J 


, except that in the position where the first 0 printed by J 
stands, Му prints О. Jl> is to have the first two symbols 0 
replaced by О, and so on. Thus, if A were to print 


ABAOLAABOOLOAB..., 
then J(4 would print 
ABA01AAB0010AB ... 
and J(5 would print 
ABAO1AABO0010AB .... 
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Now let 7 be a machine which, when supplied with the S.D 
of Al, will write down successively the S.D of Jl, of A(z, of 4 
... (there is such a machine). 
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We combine 7 with = and obtain a new machine, ^4. In 
the motion of а first 7 is used to write down the S.D of Jl, 
and then & tests its, :0: is written if it is found that Л never 
prints 0; then 7 writes the S.D of 41, and this is tested, :0: 
being printed if and only if A never prints 0, and so оп. 
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Now let us test а with 2. If it is found that а never prints 
О, then Л prints 0 infinitely often; if G prints 0 sometimes, 
then J( does not print 0 infinitely often. 
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Similarly there is a general process for determining 
whether J prints 1 infinitely often. By a combination of these 
processes we have a process for determining whether J 
prints an infinity of figures, /.e. we have a process for 
determining whether Jl is circle-free. There can therefore be 
no machine =. 
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The expression “there is a general process for determining 
..." has been used throughout this section as equivalent to 
"there is a machine which will determine ...”. This usage can 
be justified if and only if we can justify our definition of 
"computable". 
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For each of these “general process” problems can бе 

expressed as a problem concerning a general process for 
determining whether a given integer n has a property G(n) 
[e.g. G(n) might mean “n is satisfactory" or "n is the Godel 
representation of a provable formula"], and this is equivalent 
to computing a number whose n-th figure is 1 if G (n) is true 
and O if it is false. 
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9, The extent of the computable numbers. 

No attempt has yet been made to show that the 
“computable” numbers include all numbers which would 
naturally be regarded as computable. All arguments which 
can be given are bound to be, fundamentally, appeals to 
intuition, and for this reason rather unsatisfactory 
mathematically. The real question at issue is “What are 
the possible processes which can be carried out in 
computing a number?” 

The arguments which | shall use are of three kinds. 

(a) A direct appeal to intuition. 

(6) A proof of the equivalence of two definitions (in 
case the new definition has a greater intuitive 
appeal). 


(c) Giving examples of large classes of numbers 
which are computable. 


9. 0000000 

О000000" ШШШ DOU 
П0000000000000000000000000 О0000000000000007 

ИПШЦПШШШШШЦИП 

(a) 000000 

(b) О0000000000000000000000000 

(с) О0000000000ц 

(b) О000000000000(00000000001000000000 

Once it is granted that computable numbers are all 
"computable", several other propositions of the same 
character follow. In particular, it follows that, if there is a 
general process for determining whether a formula of the 
Hilbert function calculus is provable, then the 
determination can be carried out by a machine. 
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|. [туре (a)]. This argument is only an elaboration of 
the ideas of § 1. 

Computing is normally done by writing certain symbols 
on paper. We may suppose this paper is divided into 
squares like a child's arithmetic book. In elementary 
arithmetic the two-dimensional character of the paper Is 
sometimes used. But such a use is always avoidable, and | 
think that it will be agreed that the two-dimensional 
character of paper is no essential of computation. | 
assume then that the computation is carried out on one- 
dimensional paper, /.е. on a tape divided into squares. | 
Shall also suppose that the number of symbols which may 
be printed 15 finite. If we were to allow an infinity of 
Symbols, then there would be symbols differing to an 


arbitrarily small extentt. The effect of this restriction of 
the number of symbols is not very serious. It is always 
possible to use sequences of symbols in the place of 
single symbols. Thus an Arabic numeral such as 
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17 or 999999999999999 is normally treated as a single 
symbol. Similarly in any European language words are 
treated as single symbols (Chinese, however, attempts to 
have an enumerable infinity of symbols). The differences 
from our point of view between the single and compound 
symbols is that the compound symbols, if they are too 
lengthy, cannot be observed at one glance. This is in 
accordance with experience. We cannot tell at a glance 
whether 9999999999999999 and 999999999999999 are 
the same. 


t If we regard a symbol as literally printed on a square 
we may suppose that the square 15 0 < х= 1, 0 < у= 1. 
The symbol is defined as a set of points in this square, viz. 
the set occupied by printer's ink. If these sets are 
restricted to be measurable, we can define the "distance" 
between two symbols as the cost of transforming one 
symbol into the other if the cost of moving unit area of 
printer's ink unit distance is unity, and there Is an infinite 
supply of ink at x = 2, у = 0. With this topology the 
symbols form a conditionally compact space. 
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The behaviour of the computer at any moment Is 
determined by the symbols which he is observing, and his 
“state of mind” at that moment. We may suppose that 
there is a bound Bto the number of symbols or squares 
which the computer can observe at one moment. If he 
wishes to observe more, he must use successive 
observations. We will also suppose that the number of 
States of mind which need be taken into account 15 finite. 
The reasons for this are of the same character as those 
which restrict the number of symbols. If we admitted an 
infinity of states of mind, some of them will be “arbitrarily 
close” and will be confused. Again, the restriction 15 not 
one which seriously affects computation, since the use of 
more complicated states of mind can be avoided by 
writing more symbols on the tape. 
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Let us imagine the operations performed by the 
computer to be split up into “simple operations” which are 
so elementary that it is not easy to imagine them further 
divided. Every such operation consists of some change of 
the physical system consisting of the computer and his 
tape. We know the state of the system if we know the 
sequence of symbols on the tape, which of these are 


observed by the computer (possibly with a special order), 
and the state of mind of the computer. We may suppose 
that in a simple operation not more than one symbol is 
altered. Any other changes can be split up into simple 
changes of this kind. The situation in regard to the 
Squares whose symbols may be altered in this way 15 the 
Same as in regard to the observed squares. We may, 
therefore, without loss of generality, assume that the 
Squares whose symbols are changed are always 
“observed” squares. 

Besides these changes of symbols, the simple 
operations must include changes of distribution of 
observed squares. The new observed squares must be 
immediately recognisable by the computer. | think it is 
reasonable to suppose that they can only be squares 
whose distance from the closest of the immediately 
previously observed squares does not exceed a certain 
fixed amount. Let us say that each of the new observed 
squares is within L squares of an immediately previously 
observed square. 

In connection with "immediate recognisability", it may 
be thought that there are other kinds of square which are 
immediately recognisable. In particular, squares marked 
by special symbols might be taken as imme- 
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diately recognisable. Now if these squares are marked 
only by single symbols there can be only a finite number 
of them, and we should not upset our theory by adjoining 
these marked squares to the observed squares. If, on the 
other hand, they are marked by a sequence of symbols, 
we cannot regard the process of recognition as a simple 
process. This is a fundamental point and should be 
illustrated. In most mathematical papers the equations 
and theorems are numbered. Normally the numbers do 
not go beyond (say) 1000. It is, therefore, possible to 
recognise a theorem at a glance by its number. But if the 


paper was very long, we might reach Theorem 
157767733443477; then, further on in the paper, we 
might find "... hence (applying Theorem 
157767733443477) we have ...". In order to make sure 
which was the relevant theorem we should have to 
compare the two numbers figure by figure, possibly 
ticking the figures off in pencil to make sure of their not 
being counted twice. If in spite of this it is still thought 
that there are other "immediately recognisable" squares, 
it does not upset my contention so long as these squares 
can be found by some process of which my type of 
machine is capable. This idea is developed in 11 below. 
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The simple operations must therefore include: 

(a) Changes of the symbol on one of the observed 
Squares. 


(b) Changes of one of the squares observed to 
another square within L squares of one of the 
previously observed squares. 

It may be that some of these changes necessarily 
involve a change of state of mind. The most general 
single operation must therefore be taken to be one of the 
following: 

(A) A possible change (a) of symbol together with a 
possible change of state of mind. 

(B) A possible change (b) of observed squares, 
together with a possible change of state of mind. 

The operation actually performed is determined, as has 
been suggested on p. 250, by the state of mind of the 
computer and the observed symbols. In particular, they 
determine the state of mind of the computer after the 
operation is carried out. 
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We may now construct a machine to do the work of 
this computer. To each state of mind of the computer 
corresponds an “m-configuration” of the machine. The 
machine scans B squares corresponding to the B squares 
observed by the computer. In any move the machine can 
change a symbol on a scanned square or can change any 
one of the scanned squares to another square distant not 
more than L squares from one of the other scanned 
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squares. The move which is done, and the succeeding 
configuration, are determined by the scanned symbol and 
the m-configuration. The machines just described do not 
differ very essentially from computing machines as 
defined in § 2, and corresponding to any machine of this 
type a computing machine can be constructed to 
compute the same sequence, that is to say the sequence 
computed by the computer. 
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Il. [Type (5)]. 

If the notation of the Hilbert functional calculust is modified 
SO as to be systematic, and so as to involve only a finite 
number of symbols, it becomes possible to construct an 
automatic? machine, K, which will find all the provable 
formulae of the calculuss. 


t The expression “the functional calculus” is used 
throughout to mean the restricted Hilbert functional calculus. 

t It is most natural to construct first a choice machine (S 2) 
to do this. But it is then easy to construct the required 
automatic machine. We can suppose that the choices are 
always choices between two possibilities 0 and 1. Each proof 
will then be determined by a sequence of choices f, 5, ..., Ip 
(л = 00r1,5200r]1,..., I, = O or 1), and hence the number 
21 + 1251 + 52n2 +... + 1, completely determines the proof. 
The automatic machine carries out successively proof 1, proof 
2, proof 3, ... 

5 The author has found a description of such a machine. 
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Now let а be a sequence, and let us denote by G,(x) the 
proposition “The x-th figure of а is 1", so that! — G,(x) means 
"The x-th figure of a 15 0". 


! The negation sign is written before an expression and not 
over it. 
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Suppose further that we can find a set of properties which 
define the sequence а апа which can be expressed in terms of 
G(x) and of the propositional functions Mx) meaning "x is a 
non-negative integer” and F(x, y) meaning “y = x+ 1". 
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When we join all these formulae together conjunctively, we 
shall have a formula, 9| say, which defines а. 
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The terms of 9| must include the necessary parts of the 
Peano axioms, VIZ., 
(Ча) Ми) & (x) (Mx) > (Hy) Кх, y) & (F(x, у) 2 My)), 
which we will abbreviate to P 
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When we say "9| defines а", we mean that — 9] is nota 
provable formula, and also that, for each n, one of the 
following formulae (A,) or 

(B,) is provable. 
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(Ap) 


9| & Е)  (—G,(u™)), (Bn), 
where Fin) stands for Ки, u) & Ки, u^) & ... F(u(n-1), ul), 

q A sequence of r primes is denoted by (^. 
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[253] 
| say that а is then a computable sequence: a machine Ky 
to compute а сап be obtained by a fairly simple modification 
of <. 
00000 0000000000000 KLILILII I ev K all 
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We divide the motion of ‘K x into sections. The n-th section 
is devoted to finding the n-th figure of a. After the (n - 1)-th 
section is finished a double colon :: is printed after all the 
symbols, and the succeeding work is done wholly on the 
Squares to the right of this double colon. The first step is to 


write the letter “A” followed by the formula (A,) and then “B” 
followed by (B,). 
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The machine ‘kK, then starts to do the work of K, but 


whenever a provable formula is found, this formula is 
compared with (A,) and with (B,). If it is the same formula as 
(А), then the figure "1" is printed, and the n-th section is 
finished. If it is (B,), then “0” is printed and the section is 
finished. If it is different from both, then the work of K is 
continued from the point at which it had been abandoned. 
Sooner or later one of the formulae (A,) or (В,) is reached; this 


follows from our hypotheses about a and 9j, and the known 
nature of K. Hence the n-th section will eventually be finished. 
K x is circle-free; а is computable. 
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It can also be shown that the numbers a definable in this 
way by the use of axioms include all the computable numbers. 
This is done by describing computing machines in terms of the 
function calculus. 
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It must be remembered that we have attached rather a 
special meaning to the phrase “| defines а". The computable 
numbers do not include all (in the ordinary sense) definable 
numbers. Let 6 be a sequence whose n-th figure is 1 or O 
according as nis or is not satisfactory. It is an immediate 
consequence of the theorem of 8 8 that ó is not computable. It 
is (so far as we know at present) possible that any assigned 
number of figures of ó can be calculated, but not by a uniform 
process. When sufficiently many figures of ó have been 
calculated, an essentially new method is necessary in order to 
obtain more figures. 


LIEITIBBIBIBIEY У 00e ПО000000000000ООООООООООООООООООООО 
HOOO OUUUUUUUU OU Uo LEO os 80 6 
ПОООООООООООоОвооо OL LILILILIL IILI IILI LILILI 6 
ОО000000000000000000000000000О 

ОО0000000000000000000000000000000000000000000000000о 
ПООООООООООООоОООООООо“ OOOO” I 0000000 
ИШПШШШШШИШШШЦП 

О0О00000000000000000000000000о0000000000000 о 

III. This may be regarded as a modification of | or as a 
corollary of |. 

We suppose, as in I, that the computation is carried out on 
a tape; but we avoid introducing the “state of mind” by 
considering a more physical and definite counterpart of it. It is 
always possible for the computer to break off from his work, to 
go away and forget all about it, and later to come back and go 
on with it. If he does this he must leave a note of instructions 
(written in some standard form) explaining how the work is to 
be continued. This note is the counterpart of the “state of 
mind". We will suppose that the computer works in such a 
desultory manner that he never does more than one step at a 
sitting. The note of instructions must enable him to carry out 
one step and write the next note. Thus the state of progress of 


the computation at any stage is completely determined by the 
note of 
[254] 

instructions and the symbols on the tape. That 15, the state 
of the system may be described by a single expression 
(sequence of symbols), consisting of the symbols on the tape 
followed by A (which we suppose not to appear elsewhere) and 
then by the note of instructions. This expression may be called 
the “state formula”. We know that the state formula at any 
given stage is determined by the state formula before the last 
step was made, and we assume that the relation of these two 
formulae is expressible in the functional calculus. In other 
words, we assume that there is an axiom 9| which expresses 
the rules governing the behaviour of the computer, in terms of 
the relation of the state formula at any stage to the state 
formula at the preceding stage. If this is so, we can construct a 
machine to write down the successive state formulae, and 
hence to compute the required number. 
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10. Examples of large classes of numbers which are 
computable. 

It will be useful to begin with definitions of a computable 
function of an integral variable and of a computable variable, 
etc. There are many equivalent ways of defining a computable 
function of an integral variable. The simplest is, possibly, as 
follows. If у 15 a computable sequence in which 0 appears 
infinitelyt often, and n is an integer, then let us define é(y,n) to 
be the number of figures 1 between the n-th and the (n + 1)-th 
figure 0 in y. Then e(n) is computable if, for all n and come у, 
An) = &(ү,п). 

' If Jl computes y, then the problem whether / prints 0 
infinitely often is of the same character as the problem whether 
Л is circle-free. 
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An equivalent definition is this. Let F(x, y) mean e(x)- у. 
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that 9?(92 P, 
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and if for each integer n there exists an integer N, such that 
916 & Е? > HOP, uO), 
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and such that, if m= (n), then, for some NV, 
Ny & FX) > (Ни), um), 
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then 2 may be said to be а computable function. 
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We cannot define general computable functions of a real 
variable, since there is no general method of describing a real 
number, 
UUW UU UU 
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but we can define a computable function of a computable 
variable. 
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If n is satisfactory, let у, be the number computed by (л), 


and let 
Œn = tan (л (Yn — 7) 
[255] 


unless у, = 0 or y, = 1, in either of which cases а, = 0. 
ln pm db d va d dw (n) IILI I III 
A, = tan (л (s =i ) ) 
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Then, as n runs through the satisfactory numbers, а, runs 
through the computable numberst. 
t A function а, may be defined in many other ways so as to 
run through the computable numbers. 
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Now let a(n) be a computable function which can ре shown 
to be such that for any satisfactory argument its value is 
satisfactory*. Then the function f, defined by Да) = а, n), Is a 
computable function and all computable functions of a 
computable variable are expressible in this form. 

t Although it is not possible to find a general process for 
determining whether a given number is satisfactory, it is often 


possible to show that certain classes of numbers are 
Satisfactory. 
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Similar definitions may be given of computable functions of 
several variables, computable-valued functions of an integral 
variable, etc. 
| shall enunciate a number of theorems about computability, 
but | shall prove only (ii) and a theorem similar to (ili). 
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(1) A computable function of a computable function of an 
integral or computable variable is computable. 
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(1) Any function of an integral variable defined recursively in 
terms of computable functions is computable. /.e. if e(m,n) is 
computable, and ris some integer, then n(n) is computable, 
where 


n(0) = 7, 
n(n) = ф (n, n(n — 1)). 


(ii) OQOOOOOOOOO000000000000000000000em, трооооо“оа 
0007000000000 
(0) = r, 


(п) = %(n.n(n-1)) 
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Ф(т. n) = m:n 
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(0) = г= 1 

M1) = 201, n(0) =@(1, 1) = 1:1 = 1 

n(2) = 2(2, n(1)) =2(2, 1) = 2:1 = 2 

n(3) = 23, п(2)) =@(3, 2) = 32 = 6 

M4) = 244, п(3)) =2(4, 6) = 4:6 = 24 
П(5) = 245, n(4)) =2(5, 24) = 5:24 = 120 
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(1) If e(m, n) is a computable function of two integral 
variables, then a(n, n) is a computable function of n. 
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(iv) If a(n) is a computable function whose value is always 0 
or 1, then the sequence whose n-th figure is e(n) is computable. 
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Dedekind's theorem does not hold іп the ordinary form if we 
replace “real” throughout by “computable”. 
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But it holds in the following form: 
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(м) If а(а) 15 a propositional function of the computable 


numbers and 
(а) (Aa) (AB){G(a) & (—G(p))}, 
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inr there is a geral process for determining the truth 
value of G(a), then [256] there is a computable number & 
such that 


[256] 
there is a computable number = such that 


Gla) — а <E, 


—С(а) — а > ё. 
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—С(а) — а > ё. 
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In other words, the theorem holds for any section of the 
computables such that there is a general process for 
determining to which class a given number belongs. 
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Owing to this restriction of Dedekind's theorem, we cannot 
say that a computable bounded increasing sequence of 
computable numbers has a computable limit. This may 
possibly be understood by considering a sequence such as 
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On the other hand, (v)enables us to prove 


(vi) If a and B are computable and a < Band да) < 0 < 
e(B), where g(a) is a computable increasing continuous 


function, then there 15 a unique computable number у, 
satisfying а < y < Band e(y) = О. 
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Computable convergence. 
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We shall say that a sequence f, of computable numbers 
converges computably if there is a computable integral 
valued function N(n) of the computable variable 7, such that 
we can show that, if n > 0 and n > Mn) апа m > Non), then 


ln — Bm| < €. 


00000 
ПППППППППЕПППППППППППМ 2) 0000000 
e>0, п>РМе), т> Ne), Ju |B, — ñ. < =, 00000000000 


ППШШПЦПЁ„ПППППППП 
ПОСООООООООООООООООООО 0000000 2)0000000 
We сап then show that 
(vii) A power series whose coefficients form a computable 
sequence of computable numbers is computably convergent 
at all computable points in the interior of its interval of 
convergence. 
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(viii) The limit of a computably convergent sequencee is 
computable. 
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And with the obvious definition of “uniformly computably 
convergent’: 


(ix) The limit of a uniformly computably convergent 
computable sequence of computable functions is a 
computable function. Hence 

(x) The sum of a power series whose coefficients form a 
computable sequence is a computable function in the interior 
of its interval of convergence. 
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From (vii) and л = 4(1 — 3 + ...) we deduce that п 
iscomputable. 


1 1 | 
From iste h . We deduce that е is 
computable. 
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From (vi) we deduce that all real algebraic numbers are 
computable. 


(viii) 7 = 4(1— = +++) ,, BDBIEBEREIDULCU 


Lic 
TOIT 


l | 
Ше = чин = 0Ооорерооооо 
ZI У! 
L(V О0О00О000000000О0О0ООООоОО 
HOUOL 
From (vi) and (x) we deduce that the real zeros of the 
Bessel functions are computable. 
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Proof of (ii). 
(10000 
ОЕ Маша = y |H (x, y) 


m se пурооооооооо H (ui „у yo = Hut ue урооооооо 


Порода Х)ПППППП 
ОП000000000000000007(х)0002(х)0000 


0(0) = г 
n(n) = ó(n.n(n -1)) 


Let H(x, y) mean “n(x)=y”, and let K(x, у, z) mean “a(x, 
JSA 


[]H(x, У)007(х) = Wu; y, 200øax, у) = 4] 
00000000 


Ф (Х, y) =X" Vy 


DOK, y, zZ)]niIProduct(x, у, 20 
9(5 is the axiom for e(x, у). 
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| shall not give the proof of consistenc of Vip. Such a proof 
may be constructed by the methods used in Hilbert and 
Bernays, Grundlagen der Mathematik (Berlin, 1934), p. 209 et 
seq. The consistency is also clear from the meaning. 
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Suppose that, for some n, N, we have shown 
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Hence for each n some formula of the form 
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is provable. 
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and 
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The conditions of our second definition of a computable 
function are therefore satisfied. 
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Consequently 7 15 a computable function. 
00 AU 
ПОСООООООСОООООООООООООООООООООООООоОООООоО0000(11)0000 
0000027, п)0000000000000000002(л, п)0л0000000 
ПОООООООООООООООООООоОООООООООООооООООото00 010200000 
О000000000О UU 

Proof of a modified form of (iii). 

Suppose that we are given a machine / which, starting 
with a tape bearing on it за followed by a sequence of any 
number of letters “Р” on F-squares and in the m-configuration 
b, will compute a sequence yn depending on the number n of 
letters “Р”. 
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If en(n) is the m-th figure of yn then the sequence B whose 
n-th figure is en(n) is computable. 
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We suppose that the table fir ; has been written out in 
such a way that in each line only one operation appears in 
the operations column. 
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We also suppose that =, 0, 0, and 1 do not occur in the 
table, and we replace e throughout by Ө, 0 by 0, and 1 by 1. 
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Further substitutions are then made. Any line of form 
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апа we add to the table the following lines: 
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and similar lines with у for и апа 1 for 0 together with the 
following line 
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We then have the table Тог the machine / which 
computes f. The initial m-configuration is c, and the initial 
scanned symbol is the second a. 
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11. Application to the Entscheidungsproblem. 

The results of 88 have some important applications. In 
particular, they can be used to show that the Hilbert 
Entscheidungsproblem can have no solution. For the present | 
Shall confine myself to proving this particular theorem. For the 
formulation of this problm | must refer the reader to Hilbert 
and Ackermann's Grundzuge der Theoretischen Logik (Berlin, 
1931), chapter 3. 
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11. 0000000000 
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О0000001928р00000001200003000000000000000000ег 
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Das Entscheidungsproblem ist gelost, wenn man ein 
Verfahren kennt, das bei einem vorgelegten logischen 
Ausdruck durch endlich viele Operationen die 
Entscheidung uber die Allgemeingultigkeit bzw. 
Erfullbarkeit erlaubt.... [Das] Entscheidungsproblem mu 
fs als das Hauptproblem der mathematischen Logik 
bezeichnet werden.U1u 
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| propose, therefore, to show that there сап be по general 
process for determining whether a given formula 9 of the 
functional calculus K is provable, /.e. that there can be no 
machine which, supplied with any one 9 of these formulae, 
will eventually say whether 9 is provable. 
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It should perhaps be remarked that what I shall prove is 
quite different from the well-known results of Got. Godel has 
shown that (in the formalism of Principia Mathematica) there 
are propositions 9% such that neither 9 nor — 9 is provable. 
As a consequence of this, it is shown that no proof of 
consistency of Principia Mathematica (or of K) can be given 
within that formalism. On the other hand, I shall show that 
there is no general method which tells whether a given 


formula 9 is provable in К, or, what comes to the same, 
whether the system consisting of K with — 9 adjoined as an 
extra axiom is consistent. 


T Loc. cit. 
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If the negation of what Godel has shown had been proved, 
i.e. If, for each 9, either 9 or — $ is provable, the we should 
have an immediate solution of the Entscheidungsproblem. For 
we can invent a machine “K which will prove consecutively all 
provable formulae. Sooner or later K will reach either 9 or — 
9. If it reaches 9, then we know that $ is provable. If it 
reaches — 9, then, since K is consistent (Hilbert and 
Ackermann, p. 65), we know that 9 is not provable. 
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Owing to the alsence of integers in K the proofs appear 
somewhat lengthy. The underlying ideas are quite 
straightforward. 


Corresponding to each computing machine /( we construct 
a formula Un (7) and we show that, if there is a general 
method for determining whether Un (J) is provable, then 
there is a general method for determining whether J ever 
prints 0. 
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HBDBBOIDBIE A 00000000000 (4 0000000000000000 n( 
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ОО0000000000000000(х, Уу)000000х00000У00000000000000000 
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ПОООООООООв IO 08 00000 1 900000000000000000004 
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HOUOL 
The interpretations of the propositional functions involved 
are as follows: 
Кс(х,у) is to be interpreted as “in the complete 


configuration x (of J|) the symbol on the square у is S". 


[IILI III 
Rs(x, У)ППППП“ППА\ШШППППХППУППППИП5”П 


ОО000050000/000000500000050005:010000100А5,(5, 20000 
О00100000005002000 R. (5, 6)000000010000000005006000 


[206] 
I(x, y) is to be interpreted as "in the complete configuration 
x the square y is scanned". 


Ax, y)LIDBBE О00000х00У10000*0 
ООО Ооо 6, 6)0000000000600000000600/6, у)О00000У10000 
Ка, (X) Is to be interpreted as "in the complete configuration 
x the m-configuration Is q. 
K, C) 00000" 00000x00m-000 ema 
ruru (50000 Кеа Ks, (77000 
F(x, у) is to be interpreted as “y is the immediate successor 
of x”. 
Fix, YOUU" ycI xtd HD" О 
OOOOOOOOOOOy = х + 1000000000000000000А0, u )0000000 
ПО000000А(0, u ppp 
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ООО0ООоОООовововооовоооововоовововоооооово бо 00 беп-00а/о ÛU 
ПО005/0000005‹10005100000000000000000000000000000т-00 
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ПОООООООООО a s CC TCTET 00" ОО00000000000000000000000000000 
ООО0ООоОООовововооовоовововоовооовооО - iii! 


LIDIBICIETETETLIETCTL] 
Inst (q; 5; Sk L qı} 15 to be an abbreviation for 


(x,y,x ,y ) (Rs (х,у) & Ix, y) & K, (x) Ех, х) & Ку у )) 
> [Io Rs) Kf 


& o| Fo 2v (Rs 2) > ваа) | 


004 9; 5; Sk L qu DBIBBBIDUIDU 


YY) (Rs, (x, y) & I(x, y) & K, (x) & F(x,x )& Fly’, y)) 


3 [4 y)&Rs (x,y) & K, (x) 


&G)F y ,z)V [Rs (x,z) — Rs] b 


LEIETECDCTETEICID TEC DET CID DICT OOOO 400 
О00(х0у0х yon Dade. (y) (x) (y LLULLU XCEX DIDI III ETC 
ОООООО000000000А10000000000000ххО0000000У1уПОВО000000 

ПОООО0000000уО0У00200У1У О00000000000000АЈ0000 
ПОООООООООООООООООоООоОо0000хоО000У000005000091 
III III IIIIIIIIIEIIIIIIIIIIIIIIIIIIIIIINIIIIIMIHUI 

HOU О0О00бу DEDACIDUID UII S ООга-О00 GL 
III III IIIIIIIIIIIII MIIIIIIIIIIIIIIIIIIIIIIIIAHII 

2110УПОП000210У00000000.....-П000000000000000000000005000 

510000000 
[II IILI III III III IIIMIIIIIIIIIIIIIIIIIIIIIIIIIIMIHIMII 

О02950П00000000000000000 


&(z)[F(y,z)v([R, (х,2) Э R, (x ,z)]&[R, (2,2) — R, (x ,z)| 


& N az & [Ry (x, 2) — Ry [3 2 IDI) j 


КО000050, 51,..., Sw IEEAIDIIDBUUDBUGUBUUC UB Z COD Z2 y UUUUL 
102010у—===0000000000000000х000000х° 000000000000 
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Inst (q; 5; Sk R qı} and Inst (g; S; Sk N q/; 
are to be abbreviations for other similarly constructed 
expressions. 
01059; 5; Sk К 9/1049; 5; Sk N а, 1000000000000 
LLL II JC TC TC TC TC TC TC CIC TEIL TC TC TL TC TL TL TL TL TL TL T 
ПП+ а; 5; Sk Ка HIDUDUDUDUCI 


(x, y, x , y) СК sx, y) & (х,у) & Ky (x) & F(x, x) & Fly, y )) 
> (I(x, y ) &Rs GC, y) К (x ) 
& (2) [F(z, y) v ([Rs, 65,2) — Rs’, 2] & 
[Rs (x, 2) — Rs, (х, 2)] & 


seg н 
[Е (x, 2) > Rs, 65, 20D] 
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UUW Rs ПО00отовооо 2000000 0000 об ПО S DOE] S2 200 
Let us put the description of J into the first standard form 
of §6. This description consists of a number of expressions 
such as “q; 5; Sk L qi’ (or with R or N substituted for L). 
III M ОООООЗ 6 0000000000000000000000000« Ө; S; Sk L q/; 
ПОООАЦМЈО ДО 
ПОООООООО500000000000000002411000012600000100000 
8,5,9; Ка » 4) 509 4:935, Ка 41509 Кај 
О0О000000000000О0ООо 
Let us form а the corresponding expressions such as Inst 
{q;S;SkLqı} and take their logical sum. This we call Des (4). 
ОО000000000000000004 9; 5; Sk L 9/+00000000000000000е$ 
ПОООеж 00000“ 000" О0000000000000029 7000000000" 0000000 
ПОООСООООООООООО&ТОООООООООООООООО 
П010реѕ(л)0000000000 
11541505142} & 19504: 5051 Каз} & 
115435052 Ка} & Inst[qaSoSoRdi } 


00000000реѕ(0)0000000009( )О0000000000000000000000 
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The formula Un(.j{) is to be 


(3u)| Nr) & (x)(N(x) > GF, x) 
б (у, 2)(Е(у, 2) ^ Niy) &N(z)) & (Es, (u, y) 
& Iu, u) & Ко (u) & Des( ^ | 
+ (3s)(3t)[N(s) & Nit) & Rs,(s,t)]. 

ОО9п( 000 

(Ju) Nw)& GONG) — (x Fx!) 


& (y, 2(F(y, 2) > №(у) &N(z)) & (y) Rs, (u,y) 


& I(u,u) & K,, (и) & Dest A) 





> (3s (30[N(s) & N(t) & Rs, (s,t)]. 
EIN SW 0000000000000 0000000 0000000000000 
ОООО0000000000000000000005900000500000000#000000 
ОООООО8О0000000000000000000000000000000000000000000000 
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ПОО000000000000000000000000000У1и10000500000000000 
ПОО000000/000000000000000000000000К00000000т-000009000 
П00000000000еѕ(0)0000 
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[N(u)&...& Des(J()] many be abbreviated to A(,j/). 
[Mu)&...& Des(A(DJDUDDBACAOU 
ПАС) ООООООВОООООВООООООВООО000090 
ПОООО00000000000000000000000000022000000000000000000 
ОО8000000000000006(х, У)000У00х000000000 9 О0000000000А0 


QL II I IU] 
(x)(3w)(y, 2) | F(x,w) & (F (x, y) > Сбх, y) 


& (F(x, z) & GG, y) > С(х,у)) 


&| Ge, v (б(х, у) &F(y,2) v 


(уана) > (а) 


ПО000000000000000А(40)000000000 © П000000000000000 
АС ДОООООО Т ест | Бл 
О & (уКо(и,у) & Ku,u) & Ky, (и) & Desi M) 
LLACACDETUDBBIBBBBEIEIU n ACCIDIT] 
Un(A()QU0UUU0 
(Эи)А(М) > (3sSQGORs, (5, 0) 
OUUU M х)00000000000000000000000000000А0/0К0А1000000 
Inst[]Des[][ | J ][ J 


When we substitute the meanings suggested on p. 259-60 
we find that Un (2() has the interpretation “in some complete 
configuration of M, 51 (i.e. 0) appears on the tape". 
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ОООО0000000000000000000 
HOU" ВО0°О00000000000000000000000000000000000000 
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00000000 n (“ODO 3 000000000000000000000000000 


О00000000000001000200000000(а)0(6)000 


Corresponding to this | prove that 


(а) If $4 appears оп the tape in some complete 
configuration of AM, then Un(-‘() is provable. 

(b) If Оп(7) is provable, then S, appears on the tape in 
some complete configuration of M. 


When this has been done, the remainder of the theorem is 
trivial. 


LILTETETETETCTCILI 
(а) LIE S3 О0О 4 ООООООО0ООООООО У п САО ОООООО 
(b) ОрООп (У ОООООООО 5 0004 ОО0О0ОООООООООО 
HULU 
ПОООООО1000000ООООООО 
[261] 
LEMMA 1. /f S; appears on the tape in some complete 
configuration of A, then Un( M) is provable. 
We have to show how to prove Un(A(). 
001 pass erp ap DOBCICICCO CU n (OOo 
ПООООООООО О CACL] 
ПО00000000000000000100 7206 Ооо ec b d pd id ODE CT 
ПООООООООООООООООООООООООЗО000А л, m) EL n) DE KC umi I il 
LLIIIIILLILILILILI LLIL UU 
104 л, тороооооолоООО тоооооооовооророооо 1000 200 ШП 
OOOO ка, ny DUUUUUU a E E MUCOUS SU Ro 
К, (n,m) 
ПОООООООООООООООООадобаОоООО | 
R, GS? +) 
ПО000/20000^0%т000А0000000и Ои 
ПОСО00000000%т)00000000050000000000000 
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Let us Suppose that in the n-th complete configuration the 
sequence of symbols on the tape 15 5,45 o): Зал, 1) 55, ny 
followed by nothing but blanks, and that the scanned symbol is 
the /(n)-th, that the m-configuration 15 да). 

ООО000^00000000000000005 о), Sano- 980,0 ОООООООЦ 
ПОООООА n) 00га-ООО да «cU 
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UL 


Then we may form the proposition 


Вс ("об Re uNg ... & Re 


(a a) 


Ain, 0) Ft, pu "Hn. H| 


& | |”, y & E sor) 


& (vik (Qu) v Flu,y) v КУЈУ ... У Flu’? у)у Ви", 5), 
which we may abbreviate to CC, 
ПОООСОООООООО0 
Rs ll We Кв u", uk ...& Rs aui ad 


| р АП, 


(u^) 


&1 (u^ y m) а &K 


Tini 


& (УЕ (уђу Fu,y) v Für y)v ... у Ки" "ују Rs u^, y)), 


ИШШШШШСС+П 


ПИШШШП ШШШ” ИИШШИИШИЛ+ 1000000000000000000000000 
(б л)Пгп-ППак Cut] 
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UUYUeUUUU YUU YW 
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ССАВООООООООО 


Rs. (u u) & Rs, (и uw) & ... ERs, (ш ud”) 


& ul”. Fri S Kas (yi) 


т (у (Еу, и)уК(и,у)у Ки ,у)у. v Eu y) v Rs, (и tn) y)), 
Опововоооавововооооваовосеоаопопооог 
(и, y) & K, (и) & ()R; (и, y) 
As before, Ки, и) © Ки, u^) &...& F(utr1) UW) 15 
abbreviated to Fl). 
| shall show that all formulae of the form A(4() & An > СС, 
(abbrevated to CF) are provable. 
00000 Ки, u)&F(u', u?)&...&F(uc0, uv) 800820 
О0000000А(0) & A> ССАВООО СРАООООООООООЦ 
О0А(:)000000000000000000000000000000т-0009:00000000 
П000еѕ(-)00000000000000еѕ(и)00000000000000000000000000 
LILIBIEICIETETETETETLIEIE ETE TE TE 9mm 2L IILI IILI III 
ПООровоОвавоооооО СРАОООЦ 


СРАДОООООООЦ | 
ACAD & FY — СС, 
ПООСРАВОООООО 
СЕ»: ACM) — СС 
СЕ: A( M) & F(u, н) — СС; 
СЕ: A(M) & Flu, и”) & Für. и") — СС, 
CF: A(M) & Flu, u^) & Für. и") & Flu", и") ^ CC; 


The meaning of CF,is "The n-th complete configuration of 
A Is so and so" where "so and so" stands for the actual n-th 
complete configuration of M. That CF, should be probable is 
therefore to be expected. 


CFA ACIBAIBEBUDUUI 000“ I ШШШ A UU 
OOOO СРАОООООО 
ПОООООООО CF UU Cp UU с РАЧООООООО 
CF n+ 10000000 


CF, is certainly provable, for іп the complete configuration 
the symbols are all blanks the m-configuration is q4, and the 
scanned square 15 и, I.e. СС 15 

(у) Rs (u,v) & Ки,и) & Kg, (и). 

СРАПООООООООООООООООООООООО0ООт-0009 JOU ап О C СУП 

(у) Ба (и,у) & Ки,и) & Kg, (и). 
ОО00ССооООО0000000000000000А(-)000000 
О & (у)Кѕ, (и, y) & Ки, и) & Ка (и) & Des(0 
ACAODUDU ССоПО00000А00КП 

АЛ) > CC is then trivial. 

We next show that CF, > CF,,4 is provable for each n. 

ОООЈАА) > ССП 

ПОО0000000л0 CF, > СР. 000000 

ПООСРАДОООООООЦ 
CF, > СР 
ШШЕ 
| ACAD) бт pin) = CE T [ACAD & poti ) Lx. CC ai | 


ПОООООООООвОвООООООвООООООвООООоО CF = СРАДОООЈО СА 
> СРИДОООООООООО CF DUO 


There are three cases to consider, according as in the move 
from the n-th to the (n + 1)-th configruation the machine 
moves to left or to right or remains stationary. We suppose 
that the first case applies, /.e. the machine moves to the left. A 
similar argument applies in the other cases. 

HULU AOU ne 130000000000000000000000000000000000 
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If (n, Кп)) = a, An + 1, (n+1)) = c, kK(((n)) = b, and кдл + 
1)) + d, 


ПО 
rn, Кп))=адип-+1, (n+1))=ck((n))GbQ0K(n+1))gaQ 
ПОСОО00000000000000000000000000л000 
а = к(п)т-00000 
b = rn, (n)) 00004 uuu 
c = к(п+1)0000т-00000 
d = г(п+1,‚ i(n)) Dur mulu 
alc g0000 eret 50000000000000000000000000000000 


then Des Л must include Inst {9 Sp Sg L де) as one of its 
terms, /.e. 


рез) > Inst{q, Sp Sy L Qe}. 
Порез (А УПОООООХ q, S ,SaLq yU LI II 
Des(/() > Inst{q5 Sp Sa L qc) 
UUDes [i jinsti JLI BI OIEEIE D es ETETETETEIBIOIEIEIE iInsti LILILILILIIILII 
П0000А()Ореѕ000000000000 


A( A) > Des(A) 
ОООООООООООООООО0О 


А(2() Insti 9.5519} 
HOOF + DQ А1000000000А2000000000000А"+1005000000000000 
OOOO 
Hence 


AA) & F+) — Inst{qa 868419.) & Е". 
But Това. Sp S4 Lq.] & FY — (CC, > CC444) 


iS provable, 
d] AA) & F"*P — Inst (да Sy За Где) & Е"! 


HU instig, Sp Saba.) & Pht — (СС. > СС, a m 
ПП, 


ПППШПИШШШШИШППЇ1 © П00000000000 


Inst {quSpSaLqc} & Q & К+ — (CC, > СС) 


| EEEE E AAS AAAA 
[| n+1)[] 


Inst Lin) а) (т)! Qhün+1)] N L) Ay pant ) — (CL, > ny 
HU | 
(СС, & Inst ІМК), ity) i iode n] LQG por 5 CC 


EDBIDBIBUEIHIEIDEIn SEE CCS DOU CC ПО СС 4 UUU C CHSETETETEEIDUTETL 
EODD OOOO OOOO nst CC s III 
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and so therefore is 
AM & E + (CC, + CC ad 
ПП 
ACAD ar"? = (CC, => СбСла) 
nox > (Y > 2)0000000000000Х > (Y > 2)000000 
(AM Е" — СС) > (ACAD ЕРУ — СС) 
поровоооо rarae ки +) > Кро 
(A( AQ & FD) — (ACAD & FO). 
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and | EN 

(АС) & F™ > CC,) > (ACA) & FY +> СС), 
ПП 


(A(M) & Р) > СС„) > (AC) & FFP 5 CC,+1). 


ОООООООООООООО0СА 0000 
і.е. 
СЕСЕ т 
CF, is probable for each л. 
62 162-750 
LOEO CF 000000 
ПО000000 СРАВОООООООООООООвОООООООООООООООООвООО Ји“ 
CL] 


Now it is the assumption of this lemma that 54 appears 
somewhere, in some complete configuration, in the 
sequence of symbols printed by M; that is, for some integers 
N, K, 


LDEIDIEIDOIEI D 93 00000000000:10000000000000000000000м] 
КП 
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CC, has Rs, (ut), u(K)) as one of its terms, and therefore 
ССр > Rs, (UM, UX) is provable. 
Rs, (u(, ико П CCy ПППППППСС\ > Rs, (u™, u)Q00000 
LILICIETETETEIE TE TETETE IE TC TETETEIE TC TEIL TL IET] 


We have then 

CCy > Rs, (u, u®) 
and А(7) & КУ > CCN. 
ПЦЦПЦППП 

CC, > R, (uu) 


ПП AWA) & КО +> CC’. 
CCUOUUUUUUUUUU СРАООООООООООО CF WU MUU 
HOU о ООООО МЈО 
IILI LIL L LJ LIU 
We also have 
(3u)A(A() > (3u)(Gu’)... Gu®)(AWD & F^?) 
where М = max (N, К). 
ПИШШЦИ 
(Зи)А(№) > (Зи)(Зи”)...(Зи®?)(А(м) & FP), 
ПО № = max(MJA)L 


HOEIDLKDIDIEIDIEYHIED DEDE EIE IE MOOV DOO MOA ( 
AM) & FOPLCEYIDIDEI ceciu сславооу Rs, (UC, ик) 


And so я 
(IWAN) > (Bu Au’)... (Зи Rg, (u, u 9), 
ПП 


GWAN) > (ЗиХаи')... (Su?) Rs, (u™, ш), 


КООООООО oe OOOO ee) QO 
ОООО 


(Зи)А( М) — Gu’ аи), (и ) y ( ), 


(WAN) > (3u P (au Ва UM, и“), 


0000050090 oe 000 
(AWA(A) > (38 (30. 5, (s, t), 


(3u)A( A) > (38 (30 А с, (s, t), 


ПО0000т(:)0000000002540000000000000000000000000п{ 
АОООООООООА SOM ЭОО00000000000000000000091#00000000 
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i.e. Un( J() Is provable. 

This completes the proof of Lemma 1. 

ПОт( АООООООО 

ПООООООО 0000 
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LEMMA 2. If Un( A is provable, then S, appears on the tape 
in some complete configuration of A. 

If we substitute any propositional functions for function 
variables in a provable formula, we obtain a true proposition. 
In particular, if we substitute the meanings tabulated on pp. 
257-260 in Un (4), we obtain a true proposition with the 
meaning "54 appears somewhere on the tape in some 
complete configuration of M". 
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We are now in a position to show that the 
Entscheidungsproblem cannot be solved. Let us suppose the 


contrary. Then there is a general (mechanical) process for 
determining whether Un(-\() is provable. By Lemmas 1 and 2, 
this implies that there is a process for determining whether 
M ever prints 0, and this is impossible, by 8 8. Hence the 
Entscheidungsproblem cannot be solved. 
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In view of the large number of particular cases of 
solutions of the Entscheidungsproblem for formulae with 
restricted systems of quantors, it 
[263] 
is interesting to express Un(4J() in a form in which all 
quantors аге at the beginning. Un(J() is, in fact, expressible 
in the form 
(u)(Ax)(w Хил)... Gun), 
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where % contains по quantors, and n = 6. 
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By unimportant modifications we can obtain a formula, 
with all essential properties of Un( AM), which is of form (1) 
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APPENDIX. 
Computability and effective calculability 

The theorem that all effectively calculable (A-definable) 
sequences are computable and its converse are proved below 
in outline. 
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It is assumed that the terms “well-formed formula” []W.F.F.) 
and “conversion” as used by Church and Kleene are 
understood. In the second of these proofs the existence of 
several formulae is assumed without proof; these formulae 
may be constructed straightforwardly with the help of, e.g., 
the results of Kleene in “A theory of positive integers in formal 
logic”, American Journal of Math., 57 (1935), 153-173, 219- 
244. 
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The W.F.F. representing ап integer л will be denoted by М,. 
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We shall say that a sequence y whose n-th figure is фул) Is 
A-definable or effectively calculable if 1 + pu) Is a A-definable 
function of n, 
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i.e. if there is а W.F.F. 
М, such that, for all integers n, 
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I.e. 4 M, E (N,) is convertible into Axy.x(x(y)) or into Axy.x( y) 
according as the n-th figure of A is 1 or O. 
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To show that every A-definable sequence у is computable, 
we have to show how to construct a machine to compute y. 
For use with machines it is convenient to make a trivial 
modification in the calculus of conversion. This alteration 
consists in using x, x, X^, ... as variables instead of a, D, с, .... 
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We now construct a machine Y which, when supplied with 
the formula M,, writes down the sequence y. The construction 
of У Is some-what similar to that of the machine K which 
proves all provable formulae of the functional calculus. We first 
construct a choice machine 41, which, if supplied with a W.F.F., 
M say, and suitably manipulated, obtains any formula into 
which M is convertible. £- can then be modified so as to yield 


an automatic machine 4 which obtains successively all the 
formulae 
[264] 
into which M is convertible (cf. foot-note p. 252). 
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The machine У includes 4 as a part. The motion of the 
machine У when supplied with the formula M, is divided into 


sections of which the n-th is devoted to finding the n-th figure 
of y. The first stage in this n-th section is the formation of {My} 


(МА). This formula is then supplied to the machine У, which 


converts it successively into various other formulae. Each 
formula into which it is convertible eventually appears, and 
each, as It is found, is compared with 
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If it is identical with the first of these, then the machine 
prints the figure 1 and the n-th section is finished. If it is 
identical with the second, then 0 is printed and the section 15 


finished. It it is different from both, then the work of {> is 
resumed. By hypothesis, {M,}(N,,) is convertible into one of 
the formulae N» or M; consequently the n-th section will 
eventually be finished, /.e. the n-th figure of y will eventually 
be written down. 

ПООООООООООвООООО 00 UU eu 
ПОСОООООО000 | 20000000000000004 My №,)8 0000000000 
HULU Va so 

ПОСОООООООООООООООООООООООООООоОООООоООООООАОООС 

To prove that every computable sequence у 15 A-definable, 
we must show how to find a formula M, such that, for all 
integers n, 


(МАМА) conv N14», (n). 
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Let ij ре a machine which computes y and let us take some 
description of the complete configurations of Ji by means of 
numbers, e.g. we may take the D.N of the complete 
configuration as described in §6. 
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Let &(n) be the D.N of the n-th complete configuration of Ji 
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The table for the machine у gives us a relation between & 
(п+1) апа &(n) of the form 


Е(п + 1) = p, (E(n)), 


where р, 15 a function of very restricted, although not 
usually very simple, form: it is determined by the table for J). 
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ON COMPUTABLE NUMBERS, WITH AN APPLICATION TO THE 
ENTSCHEIDUNGSPROBLEM. A CORRECTION 


By A. M. TURING. 

In a paper entitled “On computable numbers, with an 
application to the Entscheidungsproblem"* the author gave a 
proof of the insolubility of the Entscheidungsproblem of the 
"engere Funktionenkalkül". This proof contained some formal 
errorst which will be corrected here: there are also some other 
statements is the same paper which should be modified, 
although they are not actually false as they stand. 


* Proc. London Math. Soc. (2), 42(1936-7), 230-265. 
t The author is indebted to P. Bernays for pointing out these 
errors. 
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50,51,...,5у being the symbols which J⁄ can print. 
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The statement оп р. 261, line 33, viz. 
"Insti Sr Sa LG ber s (СО + CO. a) 
15 provable’ is false (even with the new expression for Inst 
{q35p5 gLq-}): we are unable for example to deduce Кл+1)—(— 
F(u,u^)) and therefore can never use the term 


F(y',z)v | (Rs, (х,2) — Rs (х ,2)) &...& (Rs, (x, 22 > Rs, (x',2)) | 
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in Inst 1g45554Lq.). 
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To correct this we introduce a new functional variable С 
[G(x, y) to have the interpretation “x precedes y^]. Then, if Q is 
an abbreviation for 


(X Зи у, г)! Fla, w) & (Fix, у) > G(x, y) & (Fix, 2) & G(z,y) > Сб, ») 


& 2, V ( 
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G(x,y) & F(y,2)) V (Fix,y) & Fiz,y)) چ‎ ( _ Fx,2))| | 


the corrected formula Оп( 4) is to be 


(Suw)A(AN) — (3832) Rs. (8,7), 
where A(.() is an abbreviation for 
Q & (y)Rs (u,y) & Ки,и) & Ко (и) & Des( Ai). 
The statement on page 261 (line 33) must then read 
Inst{g, S5 Sz La.) & Q & FOTS — (CC, — СС), 

and line 29 should read 

rin, (n) =b, г(п+1,їп))=4, kin)=a, BR@+  1)= ec. 

For the words “logical sum” on p.260, line 15, read 
“conjunction”. With these modifications the proof is correct. 
Un( Ji) may be put in the form (I)(p.263) with n=4. 
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r(n.i(n))=D, r(n*Li(n)-d, К(п)=а, k(n+1)=c. 
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Some difficulty arises from the particular manner in which 
“computable number” was defined (p.233). 
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lf the computable numbers are to satisfy intuitive 
requirements we should have: 

If we can give а rule which associates with each positive 
integer n two rationals ap, b, satisfying а, Да, 1 «Dy, 1s Pn, 6, 
- a, < 2n, then there is a computable number а for which a, = 
а = b, each n. 
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A proof of this may be given, valid by ordinary 
mathematical standards, but involving an application of the 
principle of excluded middle. 
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On the other hand the following 15 false: 

There is a rule whereby, given the rule of formation of the 
sequences ap, b, in (А) we can obtain a D.N. for a machine to 
compute a. 

(B) 
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That (B) is false, at least if we adopt the convention that the 
decimals of numbers of the form m/2n shall always terminate 
with zeros, zeros, can be seen in this way. 
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Let / be some machine, and define c, as follows: с, = š if 
X has not printed a figure 0 by the time the n-th complete 
configuration is reached с, = $- 2-m-3 if 0 had first been 


printed at the m-th 
[546] 
complete configuration (msn). Put a, = C, - 2°72, b, = с, + 
2-7-2, 


0 COOO00000¢, 0000007000000 А 00000000000с, = s 00000 
moms nQO00000000000000c, = s -2""зр00а, = с, - 2-2, b, = 
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Then the inequalities of (А) are satisfied, 
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and the first figure of a is O if / ever prints 0 and is 1 
otherwise. 
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If (B) were true we should have a means of finding the first 
figure of a given the D.N. of X: ле. we should be able to 
determine whether / ever prints 0, contrary to the results of 58 
of the paper quoted. 
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Thus although (A) shows that there must be machines 
which compute the Euler constant (for example) we cannot at 
present describe any such machine, for we do not yet know 
whether the Euler constant is of the form m/2n. 
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This disagreeable situation can be avoided by modifying the 
manner in which computable numbers are associated with 
computable sequences, the totality of computable numbers 
being left unaltered. It may be done in many ways* of which 
this is an example. 


* This use of overlapping intervals for the definition of real 
numbers is dud originally to Brouwer. 
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Suppose that the first figure of a computable sequence у 15 / 
and that this is followed by 1 repeated n 
times, then by O and finally by the sequence whose rth 
figure is с; then the sequence у is to correspond to the real 


number 
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If the mechine which computes у is regarded as computing 
also this real number then []B) holds. 
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HOUOL 
The uniqueness of representation of real numbers by 
sequences of figures is now lost, but this is of little theoretical 
importance, since the D.N.'s are not unique in any case 
The Graduate College, 
Princeton, N.J., U.S.A. 
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